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In this article, the convergence rate of a least squares estimator of a nonparametric
integer-valued GARCH (INGARCH) model is explored. An INGARCH process can be
represented as a bivariate one {(λt, Yt)}, where a time series of count variables {Yt}
obeys a conditional Poisson distribution and the intensity {λt} is modeled as a recursive
relation.

A nonparametric version of INGARCH processes is studied in this article. Let Ft :=
σ{λs, Ys : s≤ t} be the σ-field generated by the process up to time t. Also, let m be an
unknown, nonnegative link function. Then, the INGARCH process concerned is modeled
as

Yt| Ft−1 ∼ Poiss (λt) and λt =m (Yt−1, . . . , Yt−p, λt−1, . . . , λt−q) .

In this model, the process {Yt} obeys a nonparametric INGARCH(p, q) count process
with accompanying intensity process {λt}.

A particular focus is on an INGARCH(1, 1) process with the intensity λt =
m(λt−1, Yt−1). A least squares estimation of the unknown function m is investigated.
Existence of a stationarity distribution π of the bivariate process {(λt, Yt)} is ensured if
m is bounded in λ and smooth (or contractive, to be more precise) in both arguments.
To approximate m, consider a class of function g[i] that satisfies

g[0] (λ, Yt) = g (λ, Yt) and g[k] (λ, Yt, . . . , Yt+k) = g
{
g[k−1] (λ, Yt, . . . , Yt+k−1) , Yt+k

}
.

Then, for given (n+ 1) consecutive observations {Yt}nt=0, the least squares estimator of
m, denoted by m̂n, can be obtained as g[i] that minimizes the empirical contrast func-
tional (1/n)

∑n−1
i=0 {Yi+1− g[i](0, Y0, . . . , Yi)}2. Consistency of m̂n for m is established

by finding the convergence rate of its L2(π) loss

L (m̂n,m) :=

∫
{m̂n (λ, y)−m (λ, y)}2 π (dλ, dy) =Op

(
n−2/3 log2 n

)
.

It is conjectured that the optimal rate of the L2(π) loss would be of order n−2/3. The
above convergence rate appears to be nearly optimal in light of this conjecture.

The convergence result documents a theoretical property of m̂n and does not provide
its specific form. Sieve methods are recommended for the practical implementation of
m̂n. The article also refers to the possibility of estimating the link function m for general
INGARCH(p, q) processes. Masayuki Hirukawa
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MR1324814

9. Doukhan, P., Fokianos, K., and Tjøstheim, D. (2013), ‘Correction to ‘On Weak De-
pendence Conditions for Poisson Autoregressions’ [Statist. Probab. Lett. 82 (2012)
942–948]’, Statistics & Probability Letters, 83, 1926–1927. MR3069898

10. Doukhan, P., Fokianos, K., and Rynkiewicz, J. (2018), ‘Mixtures of Nonlinear
Poisson Autoregressions’, Preprint. https://eprints.lancs.ac.uk/id/eprint/129126.
MR4192930

11. Ferland, R., Latour, A., and Oraichi, D. (2006), ‘Integer-Valued GARCH Process’,
Journal of Time Series Analysis/A Journal Sponsored by the Bernoulli Society for
Mathematical Statistics and Probability, 27, 923–942. MR2328548

12. Fokianos, K., and Tjøstheim, D. (2011), ‘Log-linear Poisson Autoregression’, Journal
of Multivariate Analysis, 102, 563–578. MR2755016

13. Fokianos, K., and Tjøstheim, D. (2012), ‘Nonlinear Poisson Autoregression’, Annals
of the Institute of Statistical Mathematics, 64, 1205–1225. MR2981620

14. Fokianos, K., Rahbek, A., and Tjøstheim, D. (2009), ‘Poisson Autoregression’,
Journal of the American Statistical Association, 104, 1430–1439. MR2596998
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