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In this article, an estimation problem under α-local differential privacy (LDP) is inves-
tigated. Suppose that n individual data providers hold confidential data {Xi}ni=1, which
are assumed to be drawn independently from an unknown distribution having a density
f with support on [0, 1]. Also suppose that for the privacy protection of data providers,
the sanitized data {Zi}ni=1 are generated from the original data {Xi}ni=1 so that α-LDP
is satisfied.

Under this setup, the authors compare minimax optimal convergence rates of esti-

mators of the quadratic functional of the density D(f) =
∫ 1

0
f2(x)dx for two cases: the

noninteractive (NI) and sequentially-interactive (SI) cases. For each case, empirical
wavelet coefficients based on Xi are sanitized by adding Laplace noise to generate Zi.

For NI, the i-th individual generates his/her own Zi from the original Xi indepen-
dently of all other individuals. A U-statistic of order 2 is considered as the estimator
of D(f) in this case. It is demonstrated that the optimal convergence rate of this esti-
mator improves from a nonparametric one to the parametric α-private one (nα2)−1/2 if
s > 3/4 where s is the degree of smoothness in the density f .

In contrast, for SI, the i-th individual has access to the sanitized data that were
generated by other individuals in order to generate his/her own Zi. For concreteness, the
entire sample is split into two subsamples of equal sample sizes, and the first subsample
is used to compute a density estimate. An estimator of D(f) is then constructed under
the assumption that individuals belonging to the second subsample can generate their
own sanitized data after observing the density estimate. The convergence rate of the
two-step estimator is shown to improve from a nonparametric one to the parametric
α-private one (nα2)−1/2 if s > 1/2. Even when s ≤ 1/2 so that the estimators for NI
and SI both have nonparametric convergence rates, the rate for SI is faster than the
one for NI. Such rate improvements of SI over NI have not been observed in many
other estimation problems under LDP. Monte Carlo simulations also confirm better
finite-sample properties of SI over NI for a small α (and thus under a strong privacy
protection). Masayuki Hirukawa
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