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Estimating the number of unseen species is a familiar problem in ecological studies.
Suppose that for n,m ≥ 1, (n + m) samples are randomly drawn from an un-
known multinomial distribution p, the mass points of which signify a set of species.
Also suppose that only the first n elements of those (n + m) samples Xn+m =
(X1, . . . , Xn, Xn+1, . . . , Xn+m) can be observed. Then, the unseen-species problem
boils down to estimating the number U = Un,m = Un,m(Xn+m) of hitherto unseen
species that will be observed if the remaining m elements are additionally collected. In
this article, the unseen-species problem for a sufficiently large λ=m/n > 0 is studied.

The unseen-species problem of this type requires a model assumption on the underly-
ing p. Based on an analogy of the unseen-species problem to estimating probabilities of
rare events in extreme value theory, the authors assume that the tail part of p obeys a
power-law distribution. Then they propose to estimate the tail index α ∈ (0, 1) and the
number of unseen species U = Un,λn sequentially.

Statistical properties of the maximum likelihood estimator for the tail index α̂n and

an estimator of the number of unseen species Ûn,λn = Ûn,λn(α̂n) are explored. The

tail index estimator α̂n is consistent for α with the rate n−α/2
√

log n, and Ûn,λn(α̂n)

is also consistent for Un,λn all the way up to log λ � n−α/2/
√

log n. Moreover, these
estimators are shown to be minimax near optimal up to a power of log n factor. It is
also demonstrated that estimating Un,λn is harder than α for a sufficiently large λ in the

sense that the range log λ� n−α/2/
√

log n is the best possible for consistent estimation
of Un,λn. Masayuki Hirukawa
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Stat. 57 1476–1494. MR4291456 https://doi.org/10.1214/20-aihp1126 MR4291456

3. Balabdaoui, F. and Kulagina, Y. (2020). Completely monotone distributions: Mix-
ing, approximation and estimation of number of species. Comput. Statist. Data Anal.
150 107014. MR4101998 https://doi.org/10.1016/j.csda.2020.107014 MR4101998

4. Balocchi, C., Favaro, S. and Naulet, Z. (2021). Bayesian nonparametric inference
for “species-sampling problems”. Preprint. Available at arXiv:2203.06076.

5. Barabási, A.L. (2005). The origin of bursts and heavy tails in human dynamics.
Nature 435 227.

6. Ben-Hamou, A., Boucheron, S. and Ohannessian, M.I. (2017). Concentration in-
equalities in the infinite urn scheme for occupancy counts and the missing mass,
with applications. Bernoulli 23 249–287. MR3556773 https://doi.org/10.3150/
15-BEJ743 MR3556773

7. Bingham, N.H., Goldie, C.M. and Teugels, J.L. (1989). Regular Variation. Encyclo-
pedia of Mathematics and Its Applications 27. Cambridge: Cambridge Univ. Press.
MR1015093 MR0898871

8. Bunge, J. and Fitzpatrick, M. (1993). Estimating the number of species: A review.
J. Amer. Statist. Assoc. 88 364–373.



Results from MathSciNet: Mathematical Reviews on the Web
c© Copyright American Mathematical Society 2024

9. Camerlenghi, F., Favaro, S., Naulet, Z. and Panero, F. (2021). Optimal disclosure
risk assessment. Ann. Statist. 49 723–744. MR4255105 https://doi.org/10.1214/
20-aos1975 MR4255105
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