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In this article, the authors are concerned with nonparametric estimation of a multi-
variate cumulative distribution function (cdf) for the d-dimensional random angles Θ =
(Θ1, . . . ,Θd) on the torus Td = [−π, π)d. To handle the dependencies among compo-
nents of Θ, they specialize in kernel estimation of a circula C:Td 7→ [0, 1] under a more
general setup than in the previous study. A circula, an analogue to a copula on the
Euclidean space, is given by a multivariate toroidal distribution whose marginals are
circular uniform distributions.

Recognizing that if Θ ∈ [−π, π) is a circular random variable with a cdf F , then
2πF (Θ)− π obeys a circular uniform distribution, the authors propose to estimate the
circula C nonparametrically in two steps. First, the marginal cdf Fs of each component
Θs, s= 1, . . . , d, is estimated nonparametrically. For a univariate second-order circular
density kernel ks;ρs with a concentration parameter ρs ∈ [0, 1] (an analogue to the band-
width on the Euclidean space), the circular marginal kernel is defined as Ks;ρs(θs) :=∫ θs
−π ks;ρs(φ)dφ. Then, given n observations {Θi,s}ni=1, the cdf Fs can be estimated as

F̂s;ρs(θs) :=
1

n

n∑
i=1

(Ks;ρs(θs−Θi,s)−Ks;ρs(−π−Θi,s)) .

Second, from the marginals estimators {(F̂1,ρ1(Θi,1), . . . , F̂d,ρd(Θi,d))}ni=1 obtained in
the first step, the estimator of the circula C is defined as

Ĉν,ρ(θ) :=
1

n

n∑
i=1

d∏
s=1

(
Ks;νs

(
θs− 2πF̂s;ρs(Θi,s) +π

)
−Ks;νs

(
−2πF̂s;ρs(Θi,s)

))
.

Such kernel estimator is referred to as the smoothed circula.
The authors also explore asymptotic properties of the d-dimensional cdf estimator

F̂ρ(θ) :=
∏d
s=1F̂s;ρs(θs) and the smoothed circula Ĉν,ρ(θ) under a set of regularity

conditions. Focusing on the von Mises and several other univariate second-order circular
density kernels, they derive asymptotic bias, variance and mean integrated squared

error (AMISE) of each of F̂ρ(θ) and Ĉν,ρ(θ). There are two interesting findings. First,
the optimal AMISE rates for the cdf estimator differ, depending on the specific second-
order circular kernel chosen, unlike the cases of second-order kernels on the Euclidean
space. Second, as long as the same kernel is employed in both steps, the AMISE for
the smoothed circula can be simplified only through undersmoothing the first-step cdf
estimation. However, if two different kernels are employed in each step, then their
AMISE-optimal concentration parameters in the cdf estimation have different shrinkage
rates, and the resulting plug-in rule can circumvent undersmoothing in the first step.

Masayuki Hirukawa
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