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Consider a functional linear regression model

Y = X)pt)dt+U=(8,X)+U,
[0,1]
where Y is a real-valued random variable, X is a functional regressor, 5 is an unknown
slope function, and U is a real-valued error term. It is often of interest and importance
to test whether X is exogenous in this model. In this article, a test for the null
Hy :E{X(t)U} =0 for all t € [0,1] (i.e., X is ezogenous) against the alternative Hj :
E{X(t)U} # 0 for at least one t € [0, 1] (i.e., X is endogenous) is proposed.

The proposed test statistic can be constructed by two estimators for 5. The estimator
under exogeneity, denoted by B, is consistent only if X is exogenous and inconsistent
otherwise. On the other hand, the estimator under endogeneity, denoted by 31‘/, is built
on a functional instrumental variable W (¢) satisfying E{W (¢)U} = 0 for all ¢ € [0, 1].
It is consistent under both exogeneity and endogeneity but usually less efficient. The
setup so far is reminiscent of the Hausman test, which is popularly applied as a test
for exogeneity in linear regression models. It turns out, however, that the Hausman
test cannot be directly transferred to the functional linear regression model because the
Lo-distance between B and E[V has no proper limiting distribution.

The proposed test statistic is grounded on the sum of squared differences of projec-
tions of 6 and B 1v. It is demonstrated that the test statistic is asymptotically normal
under the null and consistent under the alternative. However, the asymptotic test is
not recommended; to do so, many nuisance parameters must be estimated and substi-
tuting their consistent estimates into the test statistic is likely to deteriorate its power
properties. Instead, a residual-based bootstrap inference procedure is investigated, and
the first-order validity of the bootstrap-based test is established. The bootstrap proce-
dure can avoid estimating nuisance parameters, and it is indicated in simulations that
the bootstrap test is robust to the choice of the user-specific regularization parame-
ter. Masayuki Hirukawa
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