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The proof closely follows that of Theorem 9 in Chapter V of Hannan (1970). The result in

Hannan (1970, p.313) gives
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f�h(u)�h(u+ i� j) + �h(u+ i)�h(u� j) + �h(i; u; u+ j)g'T (u; i; j); (1)

where �h(�; �; �) is the fourth-order cumulant generated by the process fhtg, and 'T (u; i; j) is de�ned

for (T � 1 �) i � j (� 1) by1

'T (u; i; j) =

8>>>><>>>>:
0 if u � �T + i
1� (i� u) =T if � T + i � u � 0
1� i=T if 0 � u � i� j
1� (j + u) =T if i� j � u � T � j
0 if T � j � u

:

It is easy to see that 0 � 'T (u; i; j) � 1. Using (1) yields
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� V1 + V2 + V3:

Let v � i� j. Then, V1 can be rewritten as
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9=; ;
1Anderson (1971, p.527-528, Problem 19 on p.555) de�nes T�T (r; g; h) (an equivalent to 'T (u; i; j)) for a general

triplet (r; g; h).
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where the summation over j runs only for fj : jjj � T � 1; jj + vj � T � 1g. Pick a trimming func-

tion mT = O
�
b1��T

�
for some � 2 (0; 1). Then,
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9=; ; (2)

because the object inside the bracket is bounded (as shown below) and
P1

u=�1 j�h(u)j < 1 =)P1
juj�mT+1

j�h(u)j ! 0 as T !1.

Next, pick another trimming function MT = O
�
b1+�T

�
for some � 2 (0; �= (2q + 1)). Then, by

j'T (�; �; �)j � 1 and A1(c),
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For an arbitrarily large T , we have 0 � jvj � 2mT < MT + 1 � jjj � T � 1. It follows from

b1 � q > 1 that jj + vjq�b1 � jMT + 1� 2mT jq�b1 = O
�
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�
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�
and 2 (b1 � q) � 1 > 1. Hence, the right-hand side of (3) is

bounded by O
�
(bT =MT )
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= o (1).2 Therefore,
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Furthermore, consider
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2 If the kernel l (x) has a bounded support, i.e. l (x) = 0 for jxj > 1, then bT < MT + 1 � jjj () jj=bT j > 1) for an
arbitrarily large T and thus
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Therefore,
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Finally, q >
�
�1 +

p
5
�
=4 by A2(a), which implies that � < �= (2q + 1) < 1= (2q + 1) < 2q )

MT =T ! 0 by A3(a). For (u; v; j) such that juj � mT , ju+ vj � mT , and jjj � MT , the domain

over which 'T (u; j + v; j) = 0 vanishes as T ! 1. The support of 'T (u; j + v; j) approaches to

the entire real line, and over this support,

j'T (u; j + v; j)� 1j �
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Using (7) and A1(a) gives

1

bT

X
jjj�MT

'T (u; j + v; j)

���� jbT
����2q l2( jbT ) � 1

bT

X
jjj�MT

���� jbT
����2q l2( jbT )!

Z 1

�1
jxj2q l2 (x) dx <1: (8)

3



We also have X
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Combining (2) with (4)(6)(8)(9) �nally yields
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Similarly, we have V2 !
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l2 (x) dx. Lastly, by A1(a) and A4(c),
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which establishes the �rst approximation. The second approximation is a standard result of spectral

density estimation. The third approximation can be shown by recognizing that
R1
�1 jxj

q
l2(x)dx <

1 by A1(a). �
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