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S.1 Introduction

In the proofs of lemmata below, equation numbers with no letters and starting from the
letter “A” correspond to those given in the main body and in the Appendix, respectively,
unless otherwise noted. In addition to the shorthand notation given at the beginning of
the Appendix, we newly introduce the beta random variable Zl?, ym 2 Beta (pg,ym, q(?’y) =
Beta{y/b+m+1,(1 —y)/b+1} for m € {0,1,2,...}. Finally, notice that it is easiest

and fastest to verify all the calculations with the aid of Maple™ or Mathematica®).

S.1.1 List of Useful Formulae

Before proceeding, we present the formulae that are useful for the proofs below. While
(S2) is taken from Lemma A.2 of Funke and Hirukawa (2024), (S3) is a natural extension
of the lemma and can be shown immediately. Moreover, (S4) is the same as equation
(A3) of Funke and Hirukawa (2025), and (S5)-(S7) are taken from Lemma A1 of Funke and
Hirukawa (2025) with “x € Iy” replaced by “y € Ip”.

S.1.1.1 Stirling’s Formula

As a — oo,

[ (a+1) =V2ra® /2 exp (—a) {1 + ﬁ +0 (a_Q)} . (S1)
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S.1.1.2 Moments of the Log-Transformed Beta Random Variable

Let Z % Beta (7,6). Then, for m € {0,1,2,...},

plzmn(25) ) = 2o e m - v, (s2)
and
E {Zm In? (1_ZZ> }
— B G m) - v OF ¥ w10 @] (53)
where By 4m.8) 1 N form=20
R e

S.1.1.3 Recursive Formulae for Digamma and Trigamma Functions

For a > 0 and m € {0,1,2,...},

(=)™ m!

T (a+1) = 00 (a) + g (S4)
S.1.1.4 Approximations to Digamma and Trigamma Functions
Asb— 0,
Y Y b 2
U(=+1)—<KIn(=Z — | =0(b S5
swp o (5 1) = {m () + 5 | =007 (55)
Y b b? 3
sup (O (241 —(—)‘:Ob , S6
yelr <b ) y 2y2 ( ) ( )
and for m > 2,
sup w0 (¥ 41) ‘ —0@0M). (S7)
yelr b

S.2 Proofs of Lemmata

S.2.1 Proof of Lemma Al

The proof closely follows the one of Lemma A.1 in Moscovich, Nadler and Spiegelman
(2016). The beta random variable Z < Beta (p, q) has the density
A -2)"  Tlp+aq)

fz (=)= Bpg) T

(1—2)11.



By the change of variables z := pu + ov with

(1,0%) = < p pq > ’

P+a (p+q)’p+q+1)

the density can be rearranged to

fz(2) = fz (n+ ov)
_T(p+g

=l gt

_Tl+q Q)) P (1 — )Tt <1 + Zu)p_l <1 S— v) " .

L'(p)T(q

Then, the proof boils down to demonstrating that

L(p+tq) , g-1_ _ 1 -
WMP 1(1_Iu) _\/%0_{1‘1'0(]7 1)}7

and that

as p,q — oo and p =< q.

Proof of (S8). By the definition of p,

pp—qu—l

—1 q—1
pP (L —p) = T pta—2-
(p+ Pt

In addition, by the property of the gamma function,

I'(p+4q) :< Pq ) I'(p+q+1)
L(p)T(q) \p+q/T(p+1)I(g+1)

Applying (S1) to three gamma functions under p, ¢ — oo and p < q gives

Tp+q+l)  (p+qPtet/?

-1
C(p+1)T(g+1) 2rpptl/2qatl/2 {1+0@)}-

Therefore,

L'(p+aq) P=L(1 — p)e! (p+9)*? 1+0@™")}.

T(p)T (9" N V2m/pq

(S8)

(59)



Observe that the right-hand side can be rewritten as

Lt \ﬁ”(;; quﬂ)_l {1+0(™)}

_(p+raVpta+l 1 -
- Lo L \/1_p+q+1{1+o(p N

Then, (S8) can be demonstrated by recognizing that

1 _(+gvp+g+]
o /P4

1/1p+(1]+1:1+0(p_1).
Proof of (S9). For
(i) (i)
:exp{(p—l)ln<1—|—21)>—I—(q—l)ln(l—1i#v>},
<Z1iu> B <\/p(p+qq+1)’\/Q(p+pq+1)>

are both O (p_l/ 2) — 0. Then, by a fourth-order Taylor expansion,

In (1 + U’U)
7

and that

observe that

and

Hence,

(p—1)1n<1+2’0>+(q—1)ln<1—1a v)

—p

p—1 gqg—1 a2 (p—1 q—1 9
=o|l———|v— — 57— + 5 (U
Y I—p 2 L p (1—p)

3

o’ [p—1 qg—1 } 3 1
+ = - +0 :
3{ 13 (1— ) v ()

(S10)



Again by the definitions of (u, 02), p,q — oo and p < q,

”(pﬁlf:;lﬁ):wﬁ(\/g\@’

and
9 Jp—1 qg—1 pq p—1 q—1
‘7{ 7 T 2}: 1< 5t 3
1% (1—p) pP+q+ P q
pq 1 1> 1
=——|-4+—-|11+0(p
p+q+1<p q{ (v}
P+q 1
=——=_114+0
L0
:1+O(p_1).
Moreover,
i)
pho (1= p)?
(o) (52) - Gn) (59)
p+aq+1 p3/2 p+q+l @2 )
where
p p -1
= 1+0 ,
p—1

1 -1
p3/2 —%{1—#0(10 )}
and so forth. It follows that
(e
W ()
3/2 3/2
q 1 ( p ) 1 -1
= —_— — = — — 1+0(p .
{<P+Q> vP \P+gq \/é{ G
Therefore, by (S10)-(S13),
p—1 q—1
<1+UU) <1— d v)
2 L—p
) e s (T )
=expqo| ————|v,ex —— + v
p{ < poo l-p Pl 20w Ta—pp

xexp{oj{p_l — q_13}v3}exp{0(p_l)}

e (L-p)

(S11)

(S12)

(S13)
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and thus (S9) is established. This completes the proof. W
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S.2.2 Proof of Lemma A2

Because (Al) is a direct outcome from Lemma Al, it suffices to derive approximations to
Sgty m and ¢ Zty m- These are built on the following results as n — oo, where the O (b) rate

in each approximation is uniform on y € Ir:

+

\p;%m :\/E{lizy(lA—yﬁO(b)} (S14)
+

pl:)qtb,y :\/7{142%(1Ay)+0(b)}. (S15)

- - ='2{1+0(0)}. (S16)
\/pb,y,m + qby +1
Dy, i 3
pbym + qby



+ +
Phym T by

n 3/2

(2] -vis{a-nriacon) 519
1
+

b/? A
- - {1;2y+0(b)}. (S19)
1 bl/2 A
@:m{lizu—m”“’)}' 520

These approximations can be obtained in a similar manner, and thus we only present the

derivation of (S14). By a second-order Taylor expansion of 4/ pl:,ty m/ qu around A = 0 and
A? =0 (b),

)
+
Poym _ [y+(m+1)b 1+ (m+2)b 9
\ %, l—y+b jE2(1—y+b)3/2 y+(m+1)bA+O(A)
_ [y S 0
_ 1_y{1+0(b)}i2(1_y)3/2\/§{1+0(b)}A+ (b)

:\/E{li%(f_y)—i—O(b)}.

Substituting (S14)-(S20) into the definition of {gty . yields

+
énb,y,m

B e o
\/p;fy’m + ql:)‘,:y +1 T,y Dy ym

— pL/2pl/2 {1+0(b)} [ % {1 + 2y(1Ay) —i—O(b)}

R e eattl]

:m[y{li%(f_y)+o<b)}—(1—y){1¢2y(f_y)+0(b>}]

o 2y—1 A
V(I —y) i2{y(1—y)}3/2 row:




Similarly,

+
Cby,m

3/2 3/2
b < Gy > 1 ( Phym ) 1
- T T - T T
3 Py y,m + T,y \/pf,%y,m Pb,y,m + T,y A/ q;t

=b_;/2 \/ﬂ{(l—y)qtgAJrO(b)}lj; {1¢+0 }
—\/Q{yi;A—i—O(b)} \/If/;y{uz(f_y) +O(b)}
2%y LO®).

= +
3WVy(—y)  6{y(1-y)}**
The proof is completed by observing that the O (b) rate in each approximation is uniform

onye€lr. B

S.2.3 Proof of Lemma A4

Proof of (A2). In the proof of Proposition 2(i), it has been already demonstrated
that ® (Bi

b,y,m

) — 0 at an exponential rate. Therefore, to approximate CbitT m (0) =
(AbitT, ) i) (BbitT m) we may safely concentrate on ® (Abit m) where

+ _ [FA+{m+2)tr—(m+ 1)} /14 (m+3)b
bytr,m Vo{ltr £ A) + (m+1)b} {1 — (tr £ A) + b}

By a second-order Taylor expansion of ® <Abit m) around A = 0,

OAF A2
+ _ + b,tr,m
o (t) = # () 0 (0) T52) av0(5)
Substituting
Afpm| =0 maDir = m DL o) (S21)
MM A= 0 tr (1 — tT)
into ® (AljftT m)‘A: and ¢< btpm >‘A:O and then using ® (0) = 1/2, ¢ (0) = 1/v/2m,

oM (0) = ¢®(0) = 0, ¢ (0) = —1//27, and uniform boundedness of ’qS(QT)(-)‘ for



r =1,2, we have

? (Aerim) o

—<I>{b1/2 <<m+2)tT_(m+1)> (1—1—0(()))}

tr (1 —tp)

B 1/2 (m+2)tr — (m+1)
=®(0)+¢(0)b { TR }{1+O(b)}

(m+2)tr — (m+1) 2 3/2
b{ NI }{1+O(b)} +O<b )

b’*+0 (b ,
\ﬁ tr (1 —tr) < )

+

NO| — l\?\}—‘

and

¢<AbitT m>‘A:O

tr (1 —tr)

= 6(0) + ¢ <o>bl/2{(m””T‘ (m“)}mow)}
tr (1 —tp)

2

2 tr (1 — tr)

1 {m+2)tr — (m+1)}?
__\/2ﬂll 2tr (1 i) b4—()(b2)]. (S22)

It can be also shown that

OAF

thm

0A
A=0

—-1/2 2 1 1— 2
=F b |y Mo 2r 1t m({—tr), +0(v?) p. (S23)
tr (1 — tT) tr (1 — tT)

A straightforward but tedious calculation finally delivers

A) (2tT—1)—m(1—tT)bl/2

V2m\/tp (1 —tr)

1 1
P (AF ==
< thm) 2¥\/ﬂ tr (1 —tr) <bl/2 N

1—m2(1—tp)?

NN (1—tp) - 227 {tr (1 — t7)}>/?

2
+0 {max <b3/2, Ab) } ,

which establishes (A2).

+| Abt/?




Proof of (A3). It follows from the identity ¢* (v) = —v¢ (v) that letT,m 1)=9¢ (Blft;p,m> -
10) (AbitT m). Since )BbitT m‘ <0 (b_1/2) is shown in the proof of Proposition 2(i), it is the

case that ¢ (Ba[t%m) =¢ ()Blft:r,m‘) — 0 at an exponential rate. Therefore, again we

may focus only on ¢ AgttT m ) By asecond-order Taylor expansion of ¢ (A,;ttT m) around
A= 0,
¢ (AL, ) = ¢ (AL + ¢ (A 04y i1 A+0(A?%)
bitr,m /| bitr,m A= 0 btr,m OA :
A=0

It follows from (S22) that ¢ (Ait%m) ’Ai 0= (1/v2r) {1+ O (b)}. Then, by oM (A;ftT?m> =
A (AF ) and (S21),

1) (4% ) (mA+2)tr—(m+1)
el <Ab’tT’m>‘A:0_ le{ NN ey }{1+O(b)}. (S24)

Therefore, by (S22)-(S24) and A? = o (b),

+ o 1 (m—|—2)tT—(m+1)
¢ (Ab,tT,m) - \/% + \/%tT (1 _ tT) A+0O (b) ) (825)

and thus (A3) immediately follows.

Proof of (A4). By integration by parts,
Cigon @)= (Biign) ¢ (Biigin) (i) 0 () 42{6 (Bim) = 6 (Aii0m)}

2
where each of (BliT m) ¢ <B,§ttT m) and ¢ (B;ttT m) converges to zero at an exponen-
tial rate, and an approximation to ¢ (A;—LtT m) has been already derived as (S25). The

remaining task is to demonstrate that

(Ar) 0 (85,) = 220 (00 1)

because if this is true, then (A4) is immediately shown. By a second-order Taylor expansion

of <Abi7tT7m>2 1) (A,:ftT’m) around A = 0,

A+0(®), (S26)

+ {2AitT,m¢ <Al:)t,tT,Tn> + <Abi7tT:m>2 gb(l) (Abi’tT’m)} aAang’m
A=0

+0 (A?). (S27)

10



By (S20-(S24), Ay, | =0 (0Y2). 0 (4,)] = 0W, 6D (45,)] =

O (b1/2), and 9AF /8A‘A— .= @) (b_l/z). It follows from A2 = o (b) that (S27) can be

btr,m

simplified further as

()6 (Atir) = 248y 8 (A ) Zobizm| - A0,
A=0
BY A (A ) = —00 (45, ) (523) and (524), we have
e (4) 552 = ()
A=0 =
= { (m;%f(;_(”z; D } 1+ 00},

which implies (S26). This completes the proof. W

S.2.4 Proof of Lemma A5

By definition, E {j<1> (tT)} -5 {K;T (Y,)} o {K;; (Y,)}, where, by (4),

E{KtiT (Yi)} = /OIK?T (u) fv (y) dy

tp

1

:/ Ki (u) gy (u) du + dp Ki (u) du
0 0

_. pt +

— Ef +EE.

For (p;—LtT 0> ngtT) defined in Lemma A2, K,i (u) can be expressed as
KE (u) = 0% () K= (u) = ~ dn [ —4— —\y( = )+q,( = ) KE (u)
tr T p~B tr =7 1—u DPotr.0 ytr tr .
Before proceeding, it is worth remarking how Eﬁ (u) relates to Lp(sp) (u) defined in Funke
and Hirukawa (2024). Let
u
[’% (u) = ‘C’E (u)‘Azo =In <1 _ u> -V (pgtT,O) + v (ql?iT) : (828)
Then, it holds that L} (u) = bLp(,.p) (u).
Now E {j(l) (tT)} can be decomposed into

-1 B B
B{I0 )} = (B, B3 + (Bay — )

A minor modification of the proof for Theorem 2.1(i)(b) of Funke and Hirukawa (2024)

gives ng/ = gg) (tr) + gg) (tr) A + 0(A). As a consequence, ‘E;Y - E;Y‘ is at most

O(A)=o (A/b1/2). In what follows, it suffices to demonstrate that

_  dr(2—tp) A A
Far = Fir = Var {tr (1 — tr) <bl/2> e <bl/2> ' (529)

11



After substituting

n () <o () i e
n {2;::;)2} (u—tT)2+O<|u—tT|2)a

Lo\ (trEA b ,
\Il(pr?O)_ln( : >+2(tTiA)+O(b),

and

‘I’(qlftJ:m{l_(tziA)}+2{1—(fTiA)}+O(b2)

A AZ A3
1 +A)—Intp=+— — — 4+ — At
n(ty £ A) —Intr T 32%JFO( ),
A A? A3
In{l—(tr+A)}—In(1 —tr)=TF — 5+ 0 (AY),

:F
L—tr  2(1—1t7p)* " 3(1—tp)

and 5
1 1 2r — 1 25 — 2ty + 1 5
— = + A+ 0O (A7),
L—(tr£A) tr+A tr(1—tr) (1 —tr)? (&%)

and recognizing that O (A*) and O (A?b) terms are at most o (b?), Eg (u) can be rearranged

as

LE (u) = L* + {1)} (u—tr) + {%_1)2} (u—tr)?,

tr (1 —tr 202, (1 — tr
where
A 27 — 1 3t — 3ty + 1
+ T 2 T T 3
L= T 5 5 A 3 A
tr (1 —tr) & (1 —tr) 3t (1 —tr)
L S e U R NN (S30)

2t (L—tr) 263 (1 —tp)?

It follows that
d tr 1 tr
+ _or + + +
By =7 [L /0 Ky (u) du+ {tT(l _tT)}/O (u = tr) Ky, (u) du

2 —1 T o) du
+{)2}/0 (u—tr) KtT()d]. (S31)

215% (1 —tir

Now

tr B (pl:JttT m?’ qlittT> tr
/ umKtj; (u) du = = - / beitT N (2) dz,
0 B (pb,tT,O’ qb,tq*) 0 7

12



where bei (z) is the probability density function (pdf) of the beta random variable
s tp,m
Zb{[tT’m, and
1 for m =0
+ +
B <pb,tT,m7qb,tT) Hm (tT:tA
- )
B (pi = ) il
b,t7,0° 1b,t 1
T T szl(b—HH_l)

by the property of the beta function. Applying Lemmata A2 and A4 and then making

form>1

straightforward but tedious calculations, we also have, as n — oo,

tr m (1 —tp) m (2 —m) (1 —tg)?
2)dz = AF — bl/2 A2 (S32
0 fZ’ftT'm ( ) b vV 2’7T\/tT (1 - tT) 2\/ 27 {tT (1 — tT)}3/2 ( )
where
b2 Vertr L —tr) \bY2) " 3\2r/tr (1 — tr)
2+ 32ty —1)? 12 <A2> 32
T A2+ O (=) +0(b)+0(bv?). S33
327 (tr (1 — tr))*/? b ®) ( ) (533)

The above results provide approximations to ng umKi (u) du for m = 0,1,2. Obvi-

ously, for m =0,
tr tp
KtiT (u) du = fre  (2)dz=AF. (S34)

0 0 b,tp,0

Form =1,

tr
/ uKi (u) du
0

(tr£A) /b+1 [T
= 1/b 19 /0 leftT,l (Z) dz

— {tr £ A= (2tr - 1)bF 2Ab+ 0 (1)}

1—tr
x [AF — b
[ b Ver/tr (1 —tr)

Finally, for m = 2,

/tT w? Ky (u) du

0

CA{ltr £A) b+ 1} {(tr £A) /b+2} [T

- (1/b+2)(1/b+3) /0 fZa:tT2 (2)dz

= {t7 £2trA + (3tr — 5t7) b+ A% + (3 — 10t7) Ab+ O (b°) }
2(1—tp)

x {AF — b2 %
{b Ve /tr (1 —tr) }

2
12 o (1 —tr) Ap2|
2v27 {tr (1 — t7)}*/?

13



After straightforward but tedious calculations, we obtain

tT
/0 (u —tr) Kt:; (u) du
= {EA — (2t — 1)bF 2Ab+ O (V) } AF

_ tr(1—tr) 1/2 2tr (1 — tr)? 1/2 3/2
e P o) e

and

/0 " = 1) KE (u) du
={tr (1 —tr)b+A*£3 (1 —2t7) Ab+ O (b*) } AT
) a0 (1912)). (336)

* V2my/tr (1= tr)

Substituting (S30), (S34), (S35), and (S36) into (S31) and simplifying this yield

dr 1—2tp A3
Ef = O (A?%) F < >+OAb+OA3
o b J/J 2/ 27 {tT (1-— tT)}5/2 b/ \iﬁl \(,_)/
o) (a072) =o(A01/2) - —o(ab/2)
=o(Ab
2 —tr

+ 0 +0(b/?)F A2+ 0 (32

\(,-)« ( ) 22 {tp (1 — t7)}/? ‘ ( )

:O(Ab1/2) :o(Abl/Q)

dr 2—tr 1/2 1/2 1/2
=—J(F Ab* + oAb +0 (b .
b { 2V/27 {tr (1 — t7)}>/? ( > ( )
Finally, (S29) can be established by recognizing that O (bl/ 2) terms inside the brackets of
EdiT are cancelled out after taking the difference E, - EJT. This completes the proof. W

S.2.5 Proof of Lemma A6

Because

Var {j<1> (tT)} - %Var (H) = (B (H?) - B> (1))},

n

and |E (H;)| = )E {j(l) (tT)H =0 (A/bl/z) as shown above, we concentrate on approxim-
ating

E(H?) = /01 [Kqy ()~ K ()} v () du

However, it is not obvious whether the right-hand side may be safely rewritten as
frtp) + fyp)\ [ g - 2
{ T 5 T /0 {KtT (u) — Kt'; (u)} du,

14




like the cases in which standard symmetric kernels are employed. It will shortly turn out

that this is also valid in our case. Using (4), we decompose E (Hf) into two parts so that
L. . 2 tr ., . 2
E (H?) = /0 [y ()~ £ )} gy (w) du + dT/O [y ()~ £, ()}
= Vo + Vip.

Then, the proof boils down to demonstrating the following two statements:

3 A2

Voy ~ gy (tr) v (L 1)) <b5/2> . (S37)
dr 3 A2

Var ~ <2> 2/ {tr (1 — tT)}5/2 <b5/2> : (S38)

It should be recognized that (S37) and (S38) jointly establish the lemma, because gy (t7)+
dr/2={fy(t;) + fr(tr)} /2.

S.2.5.1 Proof of (S37)

Vgy can be further decomposed into Vg, := ngy_ + Vf;r — 2V, 5~ where
2t Yt o2
V;IY = /0 {KtT (u)} gy (u) du
and

1
V:q‘;_:/o K[T (u) K;; (u) gy (u) du.

In what follows, approximations to Vg%/i and V;;_ are derived separately, and (S37) is finally

obtained.

i) Approximation to V2*. Observe that
gy
1
2
Vor = 52/0 {£5 () i (w)} gy (u) du

- 612/01 {m <1fu> ~ 0 (Bi0) + ¥ (a5, }2 (K @)Y gy (w)du,  (S39)

where the integral part can be alternatively expressed as
Zh 2
b/2,tr,0
Gf (tr)E {m (1 éiT ) ~ U (pg'ftm) + v (q;tT)} gy <Zbi/2,tT,0)
- “b/2,tr,0

for the beta random variable Z= and

b/2,tT,m

+ +
B (pb/Z,tT,O’ qb/2,tT)

+
tr) ==
Gy (tr) B2 (pt +
pb,tT,O’ qb,tT

15



Then, by the property of the beta function, definitions of (pbitT 0’ qg[tT>, (S1) and b =0 (A),

L B b—1/2
Gy (i) = o/ /(tr £A) {1 (tr £ D)) o)
b—1/2
NN {1+0(A)}. (540)

) around Z = tr leads to

Furthermore, a mean-value expansion of gy (Z 02,0

+
b/2,t7,0

z= i
{ln (22?) - v (PitT,o) + v (qlftT)} gy (Zbi/th,O)]

b/2,t7,0

zE 2
b/2,t1,0
=gy (tr) E {1“ <1_éﬁ) ~ ¥ (pi0) + ¥ (quw)}

b/2,t7,0

zZ5 2
i (22 ) ) ()] o 0 (1)

b/2 tr,0

E

+F

= Wi+ W5

for some tT on the line segment joining Zb and tr. We work on I/VljE first. It follows

/2,t7,0
from definitions of <pb 17,07 qb St nd (S3) that

)a
W = gy (t2) H ( (tr£4) >_\I[(2(1—(tTiA))+1>

b

2
_\P<tT;}tA+l +\P<1—(tziA)+1>}

+\1:(1>{ (TbiA) }+\1;(>{2(1_(ZTiA)) +1H.

Then, by (S5) and (S6),

[\P{Q(thiA) +1}_\Il{2(1—(thiA)) +1}

- <tT;tA+1>+\I’{1_(t€iA>+l}:|2:O(b2),

and

g {Q(t%iA)Jrl} +o® {2(1_ (thiA)) +1}

b
T 2(tr £ A {1— (tr £A)

7 {1+0(b)}.
It follows from b = o (A) that

bgy (tr)

Wi = gv (i) b1+ 00) = 5 T

2tr £ A) {1 — (tr £ A)}

{I1+0(A)}.
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The remaining task is to show that |W2i| is of smaller order in magnitude than ‘Wli‘

To be more precise, we demonstrate that ’W2i| =0 (b?’/ 2). To see this, observe that

+
W]
zE ’
b/2,t1,0 + + 1) (7% +
S E ln (1_Z:|:T> - \Ij (pb’tTp) + ‘Ij (qb,tT) ’gY (tT)‘ ’Zb/Q,tT,O - tT’
b/2,t1,0
7t 91 1/2
1 b/2,tr,0
< s oo [ (222 ) o) o ()}
y€[0,1] b/2,t7,0
1/2
7+ 2 2
b/2,t7,0 + + +
x |E <ln (1—ZiT> - (pb,tT,o) +v (qb,tT>> (Zb/2,tT,0 - tT)
b/2,t1,0

by the Cauchy-Schwarz inequality. Now SUPye(o,1] ’ gg,l) (y)‘ < 0o by Assumption 2, and

2
E {ln (Z;;2 tr o/ (1 - Z;?Z b 0)) - (pzttT 0) + v <ql§ttT>} = O (b) as demonstrated above.
By (S2)-(S6), we can also obtain

2
y {hl (1_Z$ZzitT0> - v (pitT,O) + W (ql:)l,:tT>} <Zl?;2,tT,0 - tT>2 =0 (v?),

b/2,t7,0

and thus ‘Wzi‘ =0 (b3/2) follows.
Therefore, by A = o (b1/2),

Ve ’
b/2,tT,0 + + +
o [{ () ot oo @)} o G

b/2,t7,0
bgy (tr)
=5 {1 _TtT) {1+0(A)}+0 (b3/2)

- e () oy

Substituting (S40) and (S41) into (S39) and recognizing that A = o (b'/2), we may conclude
that

-1/2
= blz [2ﬁ\/bm {1+0(A)} [m {1 +0 (b1/2> }]
B b—3/2 s
RPN TR {ov tr)+ 0 (2'2) }.

(ii) Approximation to V,!~. Next, the integral part of

1
Vor = 1712 /0 Ly (u) L] (u) Ky, (u) K- (u) gy (u) du (S42)

17



can be rewritten as

0

b/2,tr, _ _
G (t7) E {m (1 2100 ) 0 (D) + <qb7tT)}

b/2 tr,0
ZO
b/2,t1,0
(B ) i) (i) b (A
b/2,t7,0

for the beta random variable Zl?/Q, b0 and

0 0
B (pb/Z,tT,()’ qb/z,tT)

GY (tr) == .
b (t1) Py N
pb,tT,O’ qb,tT pb,tT,O’ qb,tT

Then, by the property of the beta function, definitions of (pftT 0 qgttT> and (S1),

Gy (tr)

B p—1/2 tr 1/2 1/2 (tr—A)/b tr (tr+A)/b
C2ym 2 - A? l—tT - tT— tr+A
1—tr (I—tr+A)/b 1—tp (1—tp—
— 1
<1—tT+A> fr— { +O0)}

b_1/2 tr 1/2 1-— tT 1/2 2A Alb
= 1—
2v/m (t%—N) { (1—tr)? } AQ/tz)tT/b< tT+A>

1 <1 2A
1—tr)/b _
{1—A2/(1—tT)2}( )/ 1—tr+A

X

X

AJb
) nrom).

Because

tr \"* 1ty ' 1+0(A?
<t2TN> {M)Z_N} T Vir(—tr)
1 (1 _2A )A/b 1 (2/tr) (A%/b) +0(A/b)
(1— A2/2)"/" tr + A 1 —(1/tr) (A%/b) + 0 (A%/b)

LAy, (A
T\ )T\ )

1 (1_ 2A )A/b —{2/ (1 —t7)} (A2/b) + o (A%/b)
A ) S {1/ (1= )} (A%/b) 40 (A2/D)

:1_1—1tT(b>+0< >

18



and b = 0 (A?/b), we have

=S (2) ()
X{l— 1_1tT (Azj)*"(f)}{uow)}

e e () (3))

Moreover, by a mean-value expansion of gy <Z£/2 tr 0) around Zb 2,470 = =tp,
ZO
b/2,t7,0
o[fn () -+t
SUTy
0
b/2,t7,0
X {ln (ZOT> v (Pth 0) + W (qth> } gy < b/2,t7,0 >]
b/2,t,0
1?/2 0
7t ) - -
=gy (tr) E {ln (1—ZOT> T} (pr’O) + ¥ (qb7tT>}
b/2,tT,0
O
b/2,t1,0
Ao( TR ) e i) o )}
b/2,t7,0
b/2,t7,0 _ _
oo o () 2 ) o )
b/2,t1,0
b/2,t7,0 1
x {ln <1Z()T> - ¥ (PItT,fJ) +V (qutT> } 9 (1) (Zg/th,o - tT)]
b/2tT,0
= Wy + Wy

for some 2. on the line segment joining Zg/Q tr0 and tp. For WP by (S2), (S3), (S5), and

(S6),
(2 ) - ) o () o (22 ) ) o ()}
(2 ) ;{ﬂlﬁﬂ}_w(w;m)w{@;—Aul}]
x[\I!<22T+1) \p{z(l;ltT)+1}—qz(thA+1>+\I/{l_(tfﬁA)+1H

+ o <22T + 1> + 9@ {2(1;““) + 1}

:md‘—m{“w{m(f)“(f)}'

Therefore,
bgy (tr) 2 A? A2
0
= 1— = 230

i 2t (1 — tT) tr (1 — tT) b +o b

19



It can be also shown that ‘WQO‘ =0 (b3/2), and thus

Zl())/Qt 0
(552 ool
b/2,t1,0

E

x{ln(%) W(ptho +‘I’ qth }QY b/2tT, ]

A2
“mt e () o (5) o)
B

by recognizing that b'/2 = o (AQ/b) Substituting (S43) and (S44) into (S42) finally yields

i = s e (5) o (5)
B ()]
—3/2 2 2
N 4ﬁ{th(1 i)} {gy (i) = m (Ab> e <Ab) }

(iii) Proof of (S37). Combining two approximations above and again using b'/? =
o (A?/b) yield

Voy = (ngs: - Vg2y+) - 2‘/;;7
b73/2
= tr) + O (b'/?
2y {tr (1= t7)}*? vt 0 (1)}

- 2\/%{th(13/—2 ) P2 {gY (br) = m <A62> e <A62>}

- zﬁ{jﬁl(@;p)}f’” <b§2> e <£/22)

Therefore, (S37) is established.

S.2.5.2 Proof of (S38)
Let

tT 2
2+ . g
V2 = dp /0 {KtT (u)} du

tp

Vo =dr ; Kt_T (u) K;; (u) du.

and

Then, it holds that V, = Vd%; + Vf; — 2VdJ;7. As above, Vde and VdJ;f are approximated

separately.

20



(i) Approximation to VdQTi. Given the notation in the proof of (S37), Vd2Ti can be

expressed as

dp [* 2
Vi =G [ K ) du

drGy (tr) [T i/ 2
= ), L@ g, ()dx (S45)
where f,+ (z) is the pdf of the beta random variable Z$2 trm Below the integral

b/2,tp,m

part is approximated. After substituting

1n<1fz>

o tr 1 5 L 2 — 2
=1 <1—tT>+{tT(1_tT)}( tT)+{2t2T(1—tT)2}( )

+o <‘Z — tT‘2> s

In2 z
1—2

:ln2< tr ) N [QIn{tT/(l —tT)}:| (2 — t7)

1=ty tr (1 — tr)
1+ 2ty — 1) In{tz/ (1 — tr)}
+ ‘ tQT(l_t;)z - ] (z = tr)” + 0 (|2 = trP?),

and
¥ (Piiro) = ¥ (61

tr A 2r — 1 ) { 2tr — 1 }
=In F + A?— ¢ = b+ O (AD
(1_tT> tr (1= tr) {QtQT(l—tT)Q} 27 (1 — tr) (&)
by (S5) into {Efg (2) }2 and making straightforward but tedious calculations, we can rewrite

{L’ﬁ (z)}2 as

{£5 ()}
- [thZT (12f )P {t%z(tlT__t;? } b+0O (AQ)] (2 — tr)
N I e
" 152T(1A—2tT)2 +olad. (546)
Tt follows from (S32) and (S33) that for m > 0,
/OtT bei/Q’tT,m (2)dz = é T NG tTl(l — <b1A/2> L0 (b1/2> ‘ (847)
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Then, as in the proof of Lemma A5, approximations to fOT 2™ fZJ_r/ (z)dz for m = 1,2
b/2,tp,0

can be derived. For m =1,

tr
/0 sz;:/Qt O( z)dz
- {tTiA—i— <1_22tT)b:FAb+O(b2)}

1 A 1/2
x{;¢ﬁm(bl/z)+0(b/>}.

For m = 2,
tT

2
z fZ;;uTo( z)dz

-1
{tTiZtTA+ <3’5T25’ST) b+ A2+ (32()tT> Ab+0(b2)}

{; l—tT) <blA/2>+0(bl/2>}.

/tT (z —t7) fy= (2)dz

b/2,t7,0

{iA—|—< 2tT)b1FAb+O(b2)}

Hence,

(948)

{ f\/m (blAﬂ)JrO(bl/z)},

and

tp

(z — tr)? fZ;I/Q o (2)dz
HtT (12_ tr) } b+ A2+ {3 a 5 2iz) } Ab+ 0 (bQ)}
1 1 A
x <= +0(b?) 5. 49
{2$\/7r«/tT(1—tT) <b1/2> ( ) (549)
Combining (S46)-(S49) and using the fact that O (b¥/2) and O (A) terms are at most
o0 (A?/b) offer

S

/OT{,Ci } [zt (z2)dz

b/2,tp,0

b 1 1 A A2
:2tT(1—tT) {ZZFﬁm (bl/2>+0(b)}. (S50)
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In the end,

e dr b 1o}
v T2 ) oym/tr £ A) {1 - (tr £ A)}

xm‘_W{ime“(f)}

b=32dr 1 1 A A2
= 735 T 75 ) tol— (S51)
Ay {tr (1 —t0)¥? |2 Vatr (1 —tr) \bY b
can be obtained by substituting (S40) and (S50) into (S45) and recognizing that O (b) and
O (A) terms are at most o (A?/b).

(ii) Approximation to Vd‘;_. Our next task is to find an approximation to
oo dp [T _
Vo = 5 ; Ly (u) Ejg (u) K (u) K;; (u) du
i

bz(tT) /O L5 () L5 () fy (2) dz, (S52)

0
b/2,tp,0
where fzg/z - (z) is the pdf of the beta random variable ZI?/2,tT,O' By a similar argument

as above, it can be shown that

Ly (2) L (2)

_ 2tr — 1 B 2tr — 1 9
_[{QtT(ltT)}b {t;’«(l—tT):;}A

(z —tr)

2 2
+ 5 1 5 + (32tT 1) . bh— (42tT 1) : A2 (Z _ tT)Z
t5 (1 —tp) 2t5. (1 —tr) 2t7 (1 —tr)
A2
—— 4+ O (AD).
12, (1 — tr)? (A0)
Because
tT 1
_ 1+ 1/2
/0 fzg/z’tT’O (2)dz = 5 +0 (b ) ,
tr 1 —2tp 1 1
_ — - /2
and

/OtT (=0 fpe,, (&) dz = {tT(l;tT)} b {; +0 (b1/2>} ,

the integral part of (S52) can be simplified as

tr
/0 Ly (2) Eg (2) fzo (2)dz

b/2,tp,0

:M{Q‘M(f)“@)} (553)
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Substituting (S43) and (S53) into (S52), we can conclude that

Vi = F \ sy e (3) ()
" tr (1b— tT/) {; Ctr (11— tr) (A;) o (AD}
—-3/2 2 2
RV {th (1 i)}?’” {; . %(13—75T> <Ab> e <Ab> } B

(iii) Proof of (S38). Combining (S51) and (S54) leads to

Var = (VT +VE) =2V~
) wf;ff%w e <A62> |
e e (5) ()
(D) srma e ) o (5)

which establishes (S38). This completes the proof. W

S.2.6 Proof of Lemma A7

B2\ sy | /2 dr
A J(9) [\/;{tT(l—tT)}:a/z]

596~ (T[99 - {7 )

b2 2(2) /2 dr
(A )E{J @} [ \[T{tT(l—tT)}?’/z]

=: D1+ Dy + Ds.

It holds that

Then, the proof boils down to establishing the following three statements:

b3/2
D1 = (A)
b3/2

D3 = ‘(blm) B{I® (17} - [_\/Z{w (1 me}?’/?]

We work on (S57) first and then proceed to (S55) and (S56).

J® () - Jj@ (tT)‘ =0, (1). (S55)

J® (tr) - B {J® (tT)H =0, (1). (S56)

=o0(1). (S57)
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S.2.6.1 Proof of (S57)

The proof is similar to that of Lemma A5, and thus its outline is presented. Because

tr

E{Ki (Yi)} = /OlKi (v) gy (u) du + dr i K (w)du=:IE + 17,
where
R ) = o [{05 ) = {00 (b, ) + 20 (65, ) }] K2 ().
it holds that
E{j(z> (tT)} - E{K;T (Yi)} - E{K;; (Yi)} = (L, —Ih) + (Id_T _ IL) _

By a similar procedure to the proof of Lemma A5, I = gg) (tr) £ g§,3) (t7) A +o(A).

’ gy

Then, ‘I;Y - I;/} is at most O (A) because }gg’) (tT)’ < oo by Assumption 2. Following
the steps in the proof of Lemma A5 also yields

(L5 w)” - {fo“) (p;ftT,O) +o® (qéftT)}

={F2A+ (2t7 —1)b+ O (A?)} {M}
T

2t — 1 (2tr — 1)? 2 (u—tr)*
" 13F{tT(1—tT)}A+{2tT<1—tT>}b+O(A )] {t%(l—tT)z}
b 2 (27 — 1) ,
_tT(l—tT)jF{t%(l—tT)Q}AHO(A ).

Then, it can be found via (S34)-(S36) that

1/2
A = oz +o(a2) b,
T b Vor {tr (1= tp)}¥

which implies that

- 2 dr A A
D -1+ _—\f =),
dr dr T {tT (1 _ tT)}3/2 <b3/2> +o <b3/2>

Hence, (S57) is demonstrated.

S.2.6.2 Proof of (S55)

By a mean-value expansion of J? (¢) around ¢ = tr,

J? (¢) — J? (t7)

J® @) (¢ —tr)
JO (tr) (s — tr) + {j<3) ) —J® (tT)} (¢ —t7)
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for some < on the line segment joining ¢ and ¢t7. Then,

n= (%)

and it follows from Lipschitz continuity of J®) () that ‘j ) Q) = JG (tg)

j® (tT)‘ 1 ‘j(?’) ) —J& (tT)’} ls —tr|,

is of smaller

order of magnitude than ‘j @) (tT)‘. In short, (6%2/A)

term in Dy.

J®) (tT)‘ |s — t7| is the dominant

In what follows, the order of magnitude in ‘j (3) (tT)‘ can be found via the identity

J® (tr) = E {j<3> (tT)} n [j<3> (tr) — E {j<3> (tT)H . Now,

B{1® en}| < B K7, 00 - K )

< [ | 0~ Ky o @ tut la [ [y @0~ iy )]
0 0

where

1
Koy (w) = 0 [{E§ (w)}’ -3 {\I/(l) <p2?tT70) + oM (qlftT)}'Cjé (u)
~y® (pbi,tT,o> + 9@ <q§ftT>] Ktj; (u).
Because gy () is uniformly bounded on [0, 1] and ng ‘K;T (u) — K:T (u)‘ du < fol ’K;T (u) — KjT (u)) du,

E {j(3) (tT)H is determined by fol ‘K;T (u) — KjT (v)| du.

A mean-value expansion of K; . (u) around A = 0 implies that

we can see that the order of magnitude in

A
~2(5) [ @} + 6 {30 (e, ) + 90 ()} {25 )
+ {0 (), 0) = ¥ (¢f,) } £5 (w)
2
-3 {‘I’(l) (Pher0) + v (ql?,tT)} + {‘I’(S) (Php0) + 7 (a54,) }} Kp(rp (v),

where £ (u) is defined in (S28), and Kp(y,p) (u) is Chen’s (1999) original beta kernel. By
extending Lemma A.2 of Funke and Hirukawa (2024) to higher-order moments of the log-
transformed beta random variable, taking a similar approach to the proof of Lemma A6

and using (S7), it can be found that
1 e — A A
 Jier -t lau <o () o) =0 ().

Hence, |E {j(3) (tT)H < O (A/b?) is the case.
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Furthermore,
var {30 6m)} = [ {36, 00 - i, 00} - 52 (i 0 - i 000},

where ’E{K;T (Y3) —K:; (Y@)H = ‘E{j(?’) (tT)H = O(A/b*) as above. By taking
v 2
into account that the order of magnitude in F { Ky (Yi) — K :’;‘ (Y;)} is determined by

e 2
fol { Ky, (u) = K :; (u)} du and again following a similar procedure to the proof of Lemma
A6, it can be shown that

2

/0 i - & ) i <o @8) o(2)o (') =0 (Zﬁ;) -

It follows that Var {j(3) (tT)} =0 {AQ/ (nbg/2) }

In conclusion,
. A A2
3 —
¥ ()| =0 <l)2> O (v nb9/2’> :

Because ¢ lies between ¢p and tp and }fT — tT’ = Op(cn) = 0p (bl/Q) as in the proof of
Theorem 1, it holds that |¢ — tp| < ‘fT — tT‘ =0p (b1/2). Therefore,

(=)= () o @) ror () )

_ p
which establishes (S55).

1
= +or (o) B0

S.2.6.3 Proof of (S56)

It suffices to show that Var {(b3/2/A) J@ (tT)} = 0(1). To do so, again we focus on

. . 2
the order of magnitude in F {K{T (Vi) — K (YZ)} . Taking a mean-value expansion of

Ktj; (u) around A = 0 and using the same notation as in the proof of (S55) above lead to

Ky

~2(53) [0 @) =3 {80 Ghuy0) + ¥ (b)) £ 0

+o® (P.1r0) — v (qg,t;rﬂ Kptpp) () -

(w) = K, (u)

Then, a similar argument to the proof of (S55) establishes that

B{i, ) - & (1)) = 0 (?j) o ()0 @) -0 ((ﬁ;) |
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Because Var {JAQ) (tT)} =0{A?/ (nb7/2) }, it holds that

B2\ . b3 A2 1
% LA 0 _ (Y N T S
a?“{( A )J (tT)}_ <A2>O<nb7/2> _O<nb1/2) 0

Therefore, (S56) is proven. This completes the proof. W

S.2.7 Proof of Lemma A8

Basically, a similar strategy to the proofs of (S55) and (S56) in Lemma A7 may be taken.

The derivation is straightforward but much more tedious, and thus details are omitted. W
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