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S.1 Introduction

In the proofs of lemmata below, equation numbers with no letters and starting from the

letter �A�correspond to those given in the main body and in the Appendix, respectively,

unless otherwise noted. In addition to the shorthand notation given at the beginning of

the Appendix, we newly introduce the beta random variable Z0b;y;m
d
= Beta

�
p0b;y;m; q

0
b;y

�
:=

Beta fy=b+m+ 1; (1� y) =b+ 1g for m 2 f0; 1; 2; : : :g. Finally, notice that it is easiest

and fastest to verify all the calculations with the aid of MapleTM or Mathematica R
.

S.1.1 List of Useful Formulae

Before proceeding, we present the formulae that are useful for the proofs below. While

(S2) is taken from Lemma A.2 of Funke and Hirukawa (2024), (S3) is a natural extension

of the lemma and can be shown immediately. Moreover, (S4) is the same as equation

(A3) of Funke and Hirukawa (2025), and (S5)-(S7) are taken from Lemma A1 of Funke and

Hirukawa (2025) with �x 2 I0�replaced by �y 2 IT�.

S.1.1.1 Stirling�s Formula

As a!1;
� (a+ 1) =

p
2�aa+1=2 exp (�a)

�
1 +

1

12a
+O

�
a�2
��
. (S1)
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S.1.1.2 Moments of the Log-Transformed Beta Random Variable

Let Z d
= Beta (
; �). Then, for m 2 f0; 1; 2; :::g,

E

�
Zm ln

�
Z

1� Z

��
=
B (
 +m; �)

B (
; �)
f	(
 +m)�	(�)g ; (S2)

and

E

�
Zm ln2

�
Z

1� Z

��
=
B (
 +m; �)

B (
; �)

h
f	(
 +m)�	(�)g2 +	(1) (
 +m) + 	(1) (�)

i
; (S3)

where

B (
 +m; �)

B (
; �)
=

8>><>>:
1 for m = 0Ym

k=1
(
+k�1)Ym

k=1
(
+�+k�1)

for m � 1 :

S.1.1.3 Recursive Formulae for Digamma and Trigamma Functions

For a > 0 and m 2 f0; 1; 2; :::g,

	(m) (a+ 1) = 	(m) (a) +
(�1)mm!
am+1

: (S4)

S.1.1.4 Approximations to Digamma and Trigamma Functions

As b! 0,

sup
y2IT

����	�yb + 1��
�
ln
�y
b

�
+
b

2y

����� = O �b2� ; (S5)

sup
y2IT

����	(1) �yb + 1��
�
b

y
� b2

2y2

����� = O �b3� ; (S6)

and for m � 2,
sup
y2IT

���	(m) �y
b
+ 1
���� = O (bm) : (S7)

S.2 Proofs of Lemmata

S.2.1 Proof of Lemma A1

The proof closely follows the one of Lemma A.1 in Moscovich, Nadler and Spiegelman

(2016). The beta random variable Z d
= Beta (p; q) has the density

fZ (z) =
zp�1 (1� z)q�1

B (p; q)
=
� (p+ q)

� (p) � (q)
zp�1 (1� z)q�1 :

2



By the change of variables z := �+ �v with

�
�; �2

�
=

�
p

p+ q
;

pq

(p+ q)2 (p+ q + 1)

�
;

the density can be rearranged to

fZ (z) = fZ (�+ �v)

=
� (p+ q)

� (p) � (q)
(�+ �v)p�1 (1� �� �v)q�1

=
� (p+ q)

� (p) � (q)
�p�1 (1� �)q�1

�
1 +

�

�
v

�p�1�
1� �

1� �v
�q�1

:

Then, the proof boils down to demonstrating that

� (p+ q)

� (p) � (q)
�p�1 (1� �)q�1 = 1p

2��

�
1 +O

�
p�1
�	
; (S8)

and that �
1 +

�

�
v

�p�1�
1� �

1� �v
�q�1

= exp

�
�v

2

2

��
1 +

vp
p+ q + 1

�r
p

q
�
r
q

p

�
+
v3

3

(�
q

p+ q

�3=2 1
p
p
�
�

p

p+ q

�3=2 1
p
q

)
+O

�
p�1
�#
; (S9)

as p; q !1 and p � q.

Proof of (S8). By the de�nition of �,

�p�1 (1� �)q�1 = pp�1qq�1

(p+ q)p+q�2
:

In addition, by the property of the gamma function,

� (p+ q)

� (p) � (q)
=

�
pq

p+ q

�
� (p+ q + 1)

� (p+ 1)� (q + 1)
:

Applying (S1) to three gamma functions under p; q !1 and p � q gives

� (p+ q + 1)

� (p+ 1)� (q + 1)
=

(p+ q)p+q+1=2p
2�pp+1=2qq+1=2

�
1 +O

�
p�1
�	
:

Therefore,
� (p+ q)

� (p) � (q)
�p�1 (1� �)q�1 = (p+ q)3=2p

2�
p
pq

�
1 +O

�
p�1
�	
:
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Observe that the right-hand side can be rewritten as

(p+ q)
p
(p+ q + 1)� 1p
2�
p
pq

�
1 +O

�
p�1
�	

=
(p+ q)

p
p+ q + 1p

2�
p
pq

r
1� 1

p+ q + 1

�
1 +O

�
p�1
�	
:

Then, (S8) can be demonstrated by recognizing that

1

�
=
(p+ q)

p
p+ q + 1

p
pq

and that r
1� 1

p+ q + 1
= 1 +O

�
p�1
�
:

Proof of (S9). For�
1 +

�

�
v

�p�1�
1� �

1� �v
�q�1

= exp

�
(p� 1) ln

�
1 +

�

�
v

�
+ (q � 1) ln

�
1� �

1� �v
��

;

observe that �
�

�
;
�

1� �

�
=

�r
q

p (p+ q + 1)
;

r
p

q (p+ q + 1)

�
are both O

�
p�1=2

�
! 0. Then, by a fourth-order Taylor expansion,

ln

�
1 +

�

�
v

�
=

�
�

�

�
v � 1

2

�
�

�

�2
v2 +

1

3

�
�

�

�3
v3 +O

�
p�2
�
;

and

ln

�
1� �

1� �v
�

= �
�

�

1� �

�
v � 1

2

�
�

1� �

�2
v2 � 1

3

�
�

1� �

�3
v3 +O

�
p�2
�
:

Hence,

(p� 1) ln
�
1 +

�

�
v

�
+ (q � 1) ln

�
1� �

1� �v
�

= �

�
p� 1
�

� q � 1
1� �

�
v � �

2

2

�
p� 1
�2

+
q � 1
(1� �)2

�
v2

+
�3

3

�
p� 1
�3

� q � 1
(1� �)3

�
v3 +O

�
p�1
�
: (S10)
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Again by the de�nitions of
�
�; �2

�
, p; q !1 and p � q,

�

�
p� 1
�

� q � 1
1� �

�
=

1p
p+ q + 1

�r
p

q
�
r
q

p

�
; (S11)

and

�2
�
p� 1
�2

+
q � 1
(1� �)2

�
=

pq

p+ q + 1

�
p� 1
p2

+
q � 1
q2

�
=

pq

p+ q + 1

�
1

p
+
1

q

��
1 +O

�
p�1
�	

=
p+ q

p+ q + 1

�
1 +O

�
p�1
�	

= 1 +O
�
p�1
�
: (S12)

Moreover,

�3
�
p� 1
�3

� q � 1
(1� �)3

�
=

�
q

p+ q + 1

�3=2�p� 1
p3=2

�
�
�

p

p+ q + 1

�3=2�q � 1
q3=2

�
;

where

p

p+ q + 1
=

p

p+ q

�
1 +O

�
p�1
�	
;

p� 1
p3=2

=
1
p
p

�
1 +O

�
p�1
�	
;

and so forth. It follows that

�3
�
p� 1
�3

� q � 1
(1� �)3

�
=

(�
q

p+ q

�3=2 1
p
p
�
�

p

p+ q

�3=2 1
p
q

)�
1 +O

�
p�1
�	
: (S13)

Therefore, by (S10)-(S13),�
1 +

�

�
v

�p�1�
1� �

1� �v
�q�1

= exp

�
�

�
p� 1
�

� q � 1
1� �

�
v

�
exp

�
��

2

2

�
p� 1
�2

+
q � 1
(1� �)2

�
v2
�

� exp
�
�3

3

�
p� 1
�3

� q � 1
(1� �)3

�
v3
�
exp

�
O
�
p�1
�	
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= exp

8>>>><>>>>:
1p

p+ q + 1

�r
p

q
�
r
q

p

�
| {z }

=O(p�1=2)

v

9>>>>=>>>>; exp
�
�v

2

2

�
1 +O

�
p�1
�	�

| {z }
=exp

�
� v2

2

�
expfO(p�1)g

� exp

26666413
8>>>><>>>>:
�

q

p+ q

�3=2 1
p
p
�
�

p

p+ q

�3=2 1
p
q| {z }

=O(p�1=2)

9>>>>=>>>>;
�
1 +O

�
p�1
�	
v3

377775 exp�O �p�1�	| {z }
=1+O(p�1)

= exp

�
�v

2

2

�
exp

�
vp

p+ q + 1

�r
p

q
�
r
q

p

�
+
v3

3

(�
q

p+ q

�3=2 1
p
p
�
�

p

p+ q

�3=2 1
p
q

)
+O

�
p�1
�# �

1 +O
�
p�1
�	

= exp

�
�v

2

2

��
1 +

vp
p+ q + 1

�r
p

q
�
r
q

p

�
+
v3

3

(�
q

p+ q

�3=2 1
p
p
�
�

p

p+ q

�3=2 1
p
q

)
+O

�
p�1
�# �

1 +O
�
p�1
�	

= exp

�
�v

2

2

��
1 +

vp
p+ q + 1

�r
p

q
�
r
q

p

�
+
v3

3

(�
q

p+ q

�3=2 1
p
p
�
�

p

p+ q

�3=2 1
p
q

)
+O

�
p�1
�#
;

and thus (S9) is established. This completes the proof. �

S.2.2 Proof of Lemma A2

Because (A1) is a direct outcome from Lemma A1, it su¢ ces to derive approximations to

��b;y;m and �
�
b;y;m. These are built on the following results as n!1, where the O (b) rate

in each approximation is uniform on y 2 IT :vuutp�b;y;m
q�b;y

=

r
y

1� y

�
1� �

2y (1� y) +O (b)
�
: (S14)

vuut q�b;y
p�b;y;m

=

r
1� y
y

�
1� �

2y (1� y) +O (b)
�
: (S15)

1q
p�b;y;m + q

�
b;y + 1

= b1=2 f1 +O (b)g : (S16)

 
p�b;y;m

p�b;y;m + q
�
b;y

!3=2
=
p
y

�
y � 3

2
� +O (b)

�
: (S17)
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q�b;y

p�b;y;m + q
�
b;y

!3=2
=
p
1� y

�
(1� y)� 3

2
� +O (b)

�
: (S18)

1q
p�b;y;m

=
b1=2
p
y

�
1� �

2y
+O (b)

�
: (S19)

1q
q�b;y

=
b1=2p
1� y

�
1� �

2 (1� y) +O (b)
�
: (S20)

These approximations can be obtained in a similar manner, and thus we only present the

derivation of (S14). By a second-order Taylor expansion of
q
p�b;y;m=q

�
b;y around � = 0 and

�2 = o (b),vuutp�b;y;m
q�b;y

=

s
y + (m+ 1) b

1� y + b � 1 + (m+ 2) b

2 (1� y + b)3=2
p
y + (m+ 1) b

�+O
�
�2
�

=

r
y

1� y f1 +O (b)g �
1

2 (1� y)3=2py
f1 +O (b)g�+ o (b)

=

r
y

1� y

�
1� �

2y (1� y) +O (b)
�
:

Substituting (S14)-(S20) into the de�nition of ��b;y;m yields

��b;y;m

=
b�1=2q

p�b;y;m + q
�
b;y + 1

0@
vuutp�b;y;m

q�b;y
�

vuut q�b;y
p�b;y;m

1A
= b�1=2b1=2 f1 +O (b)g

�r
y

1� y

�
1� �

2y (1� y) +O (b)
�

�
r
1� y
y

�
1� �

2y (1� y) +O (b)
��

=
f1 +O (b)gp
y (1� y)

�
y

�
1� �

2y (1� y) +O (b)
�
� (1� y)

�
1� �

2y (1� y) +O (b)
��

=
2y � 1p
y (1� y)

� �

2 fy (1� y)g3=2
+O (b) :
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Similarly,

��b;y;m

=
b�1=2

3

8<:
 

q�b;y
p�b;y;m + q

�
b;y

!3=2
1q
p�b;y;m

�
 

p�b;y;m
p�b;y;m + q

�
b;y

!3=2
1q
q�b;y

9=;
=
b�1=2

3

"p
1� y

�
(1� y)� 3

2
� +O (b)

�
b1=2
p
y

�
1� �

2y
+O (b)

�

�py
�
y � 3

2
� +O (b)

�
b1=2p
1� y

�
1� �

2 (1� y) +O (b)
�#

=
1

3
p
y (1� y)

�
(1� y)

�
(1� y)� 1 + 2y

2y
�+O (b)

�
� y

�
y � 3� 2y

2 (1� y)� +O (b)
��

=
1� 2y

3
p
y (1� y)

� �

6 fy (1� y)g3=2
+O (b) :

The proof is completed by observing that the O (b) rate in each approximation is uniform

on y 2 IT . �

S.2.3 Proof of Lemma A4

Proof of (A2). In the proof of Proposition 2(i), it has been already demonstrated

that �
�
B�b;y;m

�
! 0 at an exponential rate. Therefore, to approximate C�b;tT ;m (0) =

�
�
A�b;tT ;m

�
� �

�
B�b;tT ;m

�
, we may safely concentrate on �

�
A�b;tT ;m

�
, where

A�b;tT ;m =
[��+ f(m+ 2) tT � (m+ 1)g b]

p
1 + (m+ 3) bp

b f(tT ��) + (m+ 1) bg f1� (tT ��) + bg
:

By a second-order Taylor expansion of �
�
A�b;tT ;m

�
around � = 0,

�
�
A�b;tT ;m

�
= �

�
A�b;tT ;m

����
�= 0

+ �
�
A�b;tT ;m

� @A�b;tT ;m
@�

�����
�=0

�+O

�
�2

b

�
:

Substituting

A�b;tT ;m

���
�= 0

= b1=2

(
(m+ 2) tT � (m+ 1)p

tT (1� tT )

)
f1 +O (b)g (S21)

into �
�
A�b;tT ;m

����
�= 0

and �
�
A�b;tT ;m

����
�=0

and then using � (0) = 1=2, � (0) = 1=
p
2�,

�(1) (0) = �(3) (0) = 0, �(2) (0) = �1=
p
2�, and uniform boundedness of

����(2r) (�)��� for
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r = 1; 2, we have

�
�
A�b;tT ;m

����
�= 0

= �

(
b1=2

 
(m+ 2) tT � (m+ 1)p

tT (1� tT )

!
(1 +O (b))

)

= �(0) + � (0) b1=2

(
(m+ 2) tT � (m+ 1)p

tT (1� tT )

)
f1 +O (b)g

+
1

2
�(1) (0) b

(
(m+ 2) tT � (m+ 1)p

tT (1� tT )

)2
f1 +O (b)g2 +O

�
b3=2

�
=
1

2
+
(m+ 2) tT � (m+ 1)p

2�
p
tT (1� tT )

b1=2 +O
�
b3=2

�
;

and

�
�
A�b;tT ;m

����
�=0

= �

(
b1=2

 
(m+ 2) tT � (m+ 1)p

tT (1� tT )

!
(1 +O (b))

)

= � (0) + �(1) (0) b1=2

(
(m+ 2) tT � (m+ 1)p

tT (1� tT )

)
f1 +O (b)g

+
1

2
�(2) (0) b

(
(m+ 2) tT � (m+ 1)p

tT (1� tT )

)2
f1 +O (b)g2 +O

�
b2
�

=
1p
2�

"
1� f(m+ 2) tT � (m+ 1)g

2tT (1� tT )

2

b+O
�
b2
�#
: (S22)

It can be also shown that

@A�b;tT ;m
@�

�����
�=0

= � b�1=2p
tT (1� tT )

(
1 +

2t2T � 2tT + 1 +m (1� tT )
2

tT (1� tT )
b+O

�
b2
�)
: (S23)

A straightforward but tedious calculation �nally delivers

�
�
A�b;tT ;m

�
=
1

2
� 1p

2�
p
tT (1� tT )

�
�

b1=2

�
+
(2tT � 1)�m (1� tT )p

2�
p
tT (1� tT )

b1=2

�
"

mp
2�
p
tT (1� tT )

+
1�m2 (1� tT )2

2
p
2� ftT (1� tT )g3=2

+

#
�b1=2

+O

�
max

�
b3=2;

�2

b

��
;

which establishes (A2).
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Proof of (A3). It follows from the identity �(1) (v) � �v� (v) that C�b;tT ;m (1) = �
�
B�b;tT ;m

�
�

�
�
A�b;tT ;m

�
. Since

���B�b;tT ;m��� � O �b�1=2� is shown in the proof of Proposition 2(i), it is the
case that �

�
B�b;tT ;m

�
= �

����B�b;tT ;m���� ! 0 at an exponential rate. Therefore, again we

may focus only on �
�
A�b;tT ;m

�
. By a second-order Taylor expansion of �

�
A�b;tT ;m

�
around

� = 0,

�
�
A�b;tT ;m

�
= �

�
A�b;tT ;m

����
�= 0

+ �(1)
�
A�b;tT ;m

� @A�b;tT ;m
@�

�����
�=0

�+O
�
�2
�
:

It follows from (S22) that �
�
A�b;tT ;m

����
�= 0

=
�
1=
p
2�
�
f1 +O (b)g. Then, by �(1)

�
A�b;tT ;m

�
=

�A�b;tT ;m�
�
A�b;tT ;m

�
and (S21),

�(1)
�
A�b;tT ;m

����
�= 0

= �b1=2
(
(m+ 2) tT � (m+ 1)p

2�
p
tT (1� tT )

)
f1 +O (b)g : (S24)

Therefore, by (S22)-(S24) and �2 = o (b),

�
�
A�b;tT ;m

�
=

1p
2�
� (m+ 2) tT � (m+ 1)p

2�tT (1� tT )
� +O (b) ; (S25)

and thus (A3) immediately follows.

Proof of (A4). By integration by parts,

C�b;tT ;m (3) =
�
B�b;tT ;m

�2
�
�
B�b;tT ;m

�
�
�
A�b;tT ;m

�2
�
�
A�b;tT ;m

�
+2
n
�
�
B�b;tT ;m

�
� �

�
A�b;tT ;m

�o
;

where each of
�
B�b;tT ;m

�2
�
�
B�b;tT ;m

�
and �

�
B�b;tT ;m

�
converges to zero at an exponen-

tial rate, and an approximation to �
�
A�b;tT ;m

�
has been already derived as (S25). The

remaining task is to demonstrate that�
A�b;tT ;m

�2
�
�
A�b;tT ;m

�
= �2 f(m+ 2) tT � (m+ 1)gp

2�tT (1� tT )
� +O (b) ; (S26)

because if this is true, then (A4) is immediately shown. By a second-order Taylor expansion

of
�
A�b;tT ;m

�2
�
�
A�b;tT ;m

�
around � = 0,

�
A�b;tT ;m

�2
�
�
A�b;tT ;m

�
=
�
A�b;tT ;m

�2
�
�
A�b;tT ;m

�����
�= 0

+

�
2A�b;tT ;m�

�
A�b;tT ;m

�
+
�
A�b;tT ;m

�2
�(1)

�
A�b;tT ;m

�� @A�b;tT ;m
@�

�����
�=0

�

+O
�
�2
�
: (S27)
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By (S21)-(S24), A�b;tT ;m

���
�= 0

= O
�
b1=2

�
, �
�
A�b;tT ;m

����
�= 0

= O (1), �(1)
�
A�b;tT ;m

����
�= 0

=

O
�
b1=2

�
, and @A�b;tT ;m=@�

���
�= 0

= O
�
b�1=2

�
. It follows from �2 = o (b) that (S27) can be

simpli�ed further as�
A�b;tT ;m

�2
�
�
A�b;tT ;m

�
= 2A�b;tT ;m�

�
A�b;tT ;m

� @A�b;tT ;m
@�

�����
�=0

�+O (b) :

By A�b;tT ;m�
�
A�b;tT ;m

�
= ��(1)

�
A�b;tT ;m

�
, (S23) and (S24), we have

A�b;tT ;m�
�
A�b;tT ;m

� @A�b;tT ;m
@�

�����
�=0

= ��(1)
�
A�b;tT ;m

� @A�b;tT ;m
@�

�����
�=0

= �
�
(m+ 2) tT � (m+ 1)p

2�tT (1� tT )

�
f1 +O (b)g ;

which implies (S26). This completes the proof. �

S.2.4 Proof of Lemma A5

By de�nition, E
n
Ĵ (1) (tT )

o
= E

n
_K�
tT
(Yi)

o
� E

n
_K+
tT
(Yi)

o
, where, by (4),

E
n
_K�
tT
(Yi)

o
=

Z 1

0

_K�
tT
(u) fY (y) dy

=

Z 1

0

_K�
tT
(u) gY (u) du+ dT

Z tT

0

_K�
tT
(u) du

=: E�gY + E
�
dT
:

For
�
p�b;tT ;0; q

�
b;tT

�
de�ned in Lemma A2, _K�

tT
(u) can be expressed as

_K�
tT
(u) :=

1

b
L�B (u)K

�
tT
(u) :=

1

b

�
ln

�
u

1� u

�
�	

�
p�b;tT ;0

�
+	

�
q�b;tT

��
K�
tT
(u) :

Before proceeding, it is worth remarking how L�B (u) relates to LB(x;b) (u) de�ned in Funke
and Hirukawa (2024). Let

L0B (u) := L�B (u)
��
�=0

= ln

�
u

1� u

�
�	

�
p0b;tT ;0

�
+	

�
q0b;tT

�
: (S28)

Then, it holds that L0B (u) = bLB(tT ;b) (u).
Now E

n
Ĵ (1) (tT )

o
can be decomposed into

E
n
Ĵ (1) (tT )

o
=
�
E�gY � E

+
gY

�
+
�
E�dT � E

+
dT

�
:

A minor modi�cation of the proof for Theorem 2.1(i)(b) of Funke and Hirukawa (2024)

gives E�gY = g
(1)
Y (tT ) � g(2)Y (tT )� + o (�). As a consequence,

��E�gY � E+gY �� is at most
O (�) = o

�
�=b1=2

�
. In what follows, it su¢ ces to demonstrate that

E�dT � E
+
dT
=

dT (2� tT )p
2� ftT (1� tT )g3=2

�
�

b1=2

�
+ o

�
�

b1=2

�
: (S29)
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After substituting

ln

�
u

1� u

�
= ln

�
tT

1� tT

�
+

�
1

tT (1� tT )

�
(u� tT )

+

(
2tT � 1

2t2T (1� tT )
2

)
(u� tT )2 + o

�
ju� tT j2

�
;

	
�
p�b;tT ;0

�
= ln

�
tT ��
b

�
+

b

2 (tT ��)
+O

�
b2
�
;

and

	
�
q�b;tT

�
= ln

�
1� (tT ��)

b

�
+

b

2 f1� (tT ��)g
+O

�
b2
�

by (S5) into L�B (u), using

ln (tT ��)� ln tT = �
�

tT
� �2

2t2T
� �3

3t3T
+O

�
�4
�
;

ln f1� (tT ��)g � ln (1� tT ) = �
�

1� tT
� �2

2 (1� tT )2
� �3

3 (1� tT )2
+O

�
�4
�
;

and
1

1� (tT ��)
� 1

tT ��
=

2tT � 1
tT (1� tT )

� 2t
2
T � 2tT + 1
t2T (1� tT )

2 �+O
�
�2
�
;

and recognizing that O
�
�4
�
and O

�
�2b

�
terms are at most o

�
b2
�
, L�B (u) can be rearranged

as

L�B (u) := L
� +

�
1

tT (1� tT )

�
(u� tT ) +

(
2tT � 1

2t2T (1� tT )
2

)
(u� tT )2 ;

where

L� = � �

tT (1� tT )
� 2tT � 1
t2T (1� tT )

2�
2 � 3t

2
T � 3tT + 1
3t3T (1� tT )

3 �
3

+
2tT � 1

2tT (1� tT )
b� 2t

2
T � 2tT + 1
2t2T (1� tT )

2 �b+O
�
b2
�
: (S30)

It follows that

E�dT =
dT
b

�
L�
Z tT

0
K�
tT
(u) du+

�
1

tT (1� tT )

�Z tT

0
(u� tT )K�

tT
(u) du

+

(
2tT � 1

2t2T (1� tT )
2

)Z tT

0
(u� tT )2K�

tT
(u) du

#
: (S31)

Now Z tT

0
umK�

tT
(u) du =

B
�
p�b;tT ;m; q

�
b;tT

�
B
�
p�b;tT ;0; q

�
b;tT

� Z tT

0
fZ�b;tT ;m

(z) dz;

12



where fZ�b;tT ;m
(z) is the probability density function (pdf) of the beta random variable

Z�b;tT ;m, and

B
�
p�b;tT ;m; q

�
b;tT

�
B
�
p�b;tT ;0; q

�
b;tT

� =
8>><>>:
1 for m = 0Ym

k=1

�
tT��
b

+k
�Ym

k=1
( 1b+k+1)

for m � 1 :

by the property of the beta function. Applying Lemmata A2 and A4 and then making

straightforward but tedious calculations, we also have, as n!1,Z tT

0
fZ�b;tT ;m

(z) dz := ��b �
m (1� tT )p
2�
p
tT (1� tT )

b1=2 � m (2�m) (1� tT )2

2
p
2� ftT (1� tT )g3=2

�b1=2; (S32)

where

��b =
1

2
� 1p

2�
p
tT (1� tT )

�
�

b1=2

�
+

2 (2tT � 1)
3
p
2�
p
tT (1� tT )

b1=2

� 2 + 3 (2tT � 1)2

3
p
2� (tT (1� tT ))3=2

�b1=2 +O

�
�2

b

�
+O (b) +O

�
b3=2

�
: (S33)

The above results provide approximations to
R tT
0 umK�

tT
(u) du for m = 0; 1; 2. Obvi-

ously, for m = 0, Z tT

0
K�
tT
(u) du =

Z tT

0
fZ�b;tT ;0

(z) dz = ��b : (S34)

For m = 1, Z tT

0
uK�

tT
(u) du

=
(tT ��) =b+ 1

1=b+ 2

Z tT

0
fZ�b;tT ;1

(z) dz

=
�
tT ��� (2tT � 1) b� 2�b+O

�
b2
�	

�
"
��b �

1� tTp
2�
p
tT (1� tT )

b1=2 � (1� tT )2

2
p
2� ftT (1� tT )g3=2

�b1=2

#
:

Finally, for m = 2,Z tT

0
u2K�

tT
(u) du

=
f(tT ��) =b+ 1g f(tT ��) =b+ 2g

(1=b+ 2) (1=b+ 3)

Z tT

0
fZ�b;tT ;2

(z) dz

=
�
t2T � 2tT�+

�
3tT � 5t2T

�
b+�2 � (3� 10tT )�b+O

�
b2
�	

�
(
��b �

2 (1� tT )p
2�
p
tT (1� tT )

b1=2

)
:

13



After straightforward but tedious calculations, we obtainZ tT

0
(u� tT )K�

tT
(u) du

=
�
��� (2tT � 1) b� 2�b+O

�
b2
�	
��b

� tT (1� tT )p
2�
p
tT (1� tT )

b1=2 � 2tT (1� tT )2

3
p
2� ftT (1� tT )g3=2

�b1=2 +O
�
b3=2

�
(S35)

and Z tT

0
(u� tT )2K�

tT
(u) du

=
�
tT (1� tT ) b+�2 � 3 (1� 2tT )�b+O

�
b2
�	
��

� tT (1� tT )p
2�
p
tT (1� tT )

�b1=2 +O
�
b3=2

�
: (S36)

Substituting (S30), (S34), (S35), and (S36) into (S31) and simplifying this yield

E�dT =
dT
b

8>>>>><>>>>>:
O
�
�2
�| {z }

=o(�b1=2)

� 1� 2tT
2
p
2� ftT (1� tT )g5=2

�
�3

b1=2

�
| {z }

=o(�b1=2)

+ O (�b)| {z }
=o(�b1=2)

+ O
�
�3
�| {z }

=o(�b1=2)

+ O
�
b2
�| {z }

=o(�b1=2)

+O
�
b1=2

�
� 2� tT
2
p
2� ftT (1� tT )g3=2

�b1=2 +O
�
b3=2

�
| {z }
=o(�b1=2)

9>>>=>>>;
=
dT
b

(
� 2� tT
2
p
2� ftT (1� tT )g3=2

�b1=2 + o
�
�b1=2

�
+O

�
b1=2

�)
:

Finally, (S29) can be established by recognizing that O
�
b1=2

�
terms inside the brackets of

E�dT are cancelled out after taking the di¤erence E
�
dT
�E+dT . This completes the proof. �

S.2.5 Proof of Lemma A6

Because

V ar
n
Ĵ (1) (tT )

o
=
1

n
V ar (Hi) =

1

n

�
E
�
H2
i

�
� E2 (Hi)

	
;

and jE (Hi)j =
���E nĴ (1) (tT )o��� = O ��=b1=2� as shown above, we concentrate on approxim-

ating

E
�
H2
i

�
=

Z 1

0

n
_K�
tT
(u)� _K+

tT
(u)
o2
fY (u) du:

However, it is not obvious whether the right-hand side may be safely rewritten as�
fY (t

�
T ) + fY (t

+
T )

2

�Z 1

0

n
_K�
tT
(u)� _K+

tT
(u)
o2
du;

14



like the cases in which standard symmetric kernels are employed. It will shortly turn out

that this is also valid in our case. Using (4), we decompose E
�
H2
i

�
into two parts so that

E
�
H2
i

�
=

Z 1

0

n
_K�
tT
(u)� _K+

t0
(u)
o2
gY (u) du+ dT

Z tT

0

n
_K�
tT
(u)� _K+

tT
(u)
o2
du

=: VgY + VdT :

Then, the proof boils down to demonstrating the following two statements:

VgY � gY (tT )
3

2
p
� ftT (1� tT )g5=2

�
�2

b5=2

�
: (S37)

VdT �
�
dT
2

�
3

2
p
� ftT (1� tT )g5=2

�
�2

b5=2

�
: (S38)

It should be recognized that (S37) and (S38) jointly establish the lemma, because gY (tT )+

dT =2 =
�
fY (t

�
T ) + fY (t

+
T )
	
=2.

S.2.5.1 Proof of (S37)

VgY can be further decomposed into VgY := V
2�
gY
+ V 2+gY � 2V +�gY

, where

V 2�gY =

Z 1

0

n
_K�
tT
(u)
o2
gY (u) du

and

V +�gY
=

Z 1

0

_K�
tT
(u) _K+

tT
(u) gY (u) du:

In what follows, approximations to V 2�gY and V +�gY
are derived separately, and (S37) is �nally

obtained.

(i) Approximation to V 2�gY . Observe that

V 2�gY =
1

b2

Z 1

0

�
L�B (u)K

�
tT
(u)
	2
gY (u) du

=
1

b2

Z 1

0

�
ln

�
u

1� u

�
�	

�
p�b;tT ;0

�
+	

�
q�b;tT

��2 �
K�
tT
(u)
	2
gY (u) du; (S39)

where the integral part can be alternatively expressed as

G�b (tT )E

24(ln Z�b=2;tT ;0

1� Z�b=2;tT ;0

!
�	

�
p�b;tT ;0

�
+	

�
q�b;tT

�)2
gY

�
Z�b=2;tT ;0

�35
for the beta random variable Z�b=2;tT ;m and

G�b (tT ) :=
B
�
p�b=2;tT ;0; q

�
b=2;tT

�
B2
�
p�b;tT ;0; q

�
b;tT

� :

15



Then, by the property of the beta function, de�nitions of
�
p�b;tT ;0; q

�
b;tT

�
, (S1) and b = o (�),

G�b (tT ) =
b�1=2

2
p
�
p
(tT ��) f1� (tT ��)g

f1 +O (b)g

=
b�1=2

2
p
�
p
tT (1� tT )

f1 +O (�)g : (S40)

Furthermore, a mean-value expansion of gY
�
Z�b=2;tT ;0

�
around Z�b=2;tT ;0 = tT leads to

E

24(ln Z�b=2;tT ;0

1� Z�b=2;tT ;0

!
�	

�
p�b;tT ;0

�
+	

�
q�b;tT

�)2
gY

�
Z�b=2;tT ;0

�35
= gY (tT )E

(
ln

 
Z�b=2;tT ;0

1� Z�b=2;tT ;0

!
�	

�
p�b;tT ;0

�
+	

�
q�b;tT

�)2

+ E

24(ln Z�b=2;tT ;0

1� Z�b=2;tT ;0

!
�	

�
p�b;tT ;0

�
+	

�
q�b;tT

�)2
g
(1)
Y

�
�t�T
� �
Z�b=2;tT ;0 � tT

�35
=:W�

1 +W
�
2

for some �t�T on the line segment joining Z
�
b=2;tT ;0

and tT . We work on W
�
1 �rst. It follows

from de�nitions of
�
p�b;tT ;0; q

�
b;tT

�
and (S3) that

W�
1 = gY (tT )

��
	

�
2 (tT ��)

b
+ 1

�
�	

�
2 (1� (tT ��))

b
+ 1

�
�	

�
tT ��
b

+ 1

�
+	

�
1� (tT ��)

b
+ 1

��2
+	(1)

�
2 (tT ��)

b
+ 1

�
+	(1)

�
2 (1� (tT ��))

b
+ 1

��
:

Then, by (S5) and (S6),�
	

�
2 (tT ��)

b
+ 1

�
�	

�
2 (1� (tT ��))

b
+ 1

�
�	

�
tT ��
b

+ 1

�
+	

�
1� (tT ��)

b
+ 1

��2
= O

�
b2
�
;

and

	(1)
�
2 (tT ��)

b
+ 1

�
+	(1)

�
2 (1� (tT ��))

b
+ 1

�
=

b

2 (tT ��) f1� (tT ��)g
f1 +O (b)g :

It follows from b = o (�) that

W�
1 =

gY (tT )

2 (tT ��) f1� (tT ��)g
b f1 +O (b)g = bgY (tT )

2tT (1� tT )
f1 +O (�)g :
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The remaining task is to show that
��W�

2

�� is of smaller order in magnitude than ��W�
1

��.
To be more precise, we demonstrate that

��W�
2

�� = O �b3=2�. To see this, observe that��W�
2

��
� E

8<:
�����ln
 

Z�b=2;tT ;0

1� Z�b=2;tT ;0

!
�	

�
p�b;tT ;0

�
+	

�
q�b;tT

������
2 ���g(1)Y �

�t�T
���� ���Z�b=2;tT ;0 � tT ���

9=;
� sup
y2[0;1]

���g(1)Y (y)
���
24E(ln Z�b=2;tT ;0

1� Z�b=2;tT ;0

!
�	

�
p�b;tT ;0

�
+	

�
q�b;tT

�)2351=2

�

24E
8<:
 
ln

 
Z�b=2;tT ;0

1� Z�b=2;tT ;0

!
�	

�
p�b;tT ;0

�
+	

�
q�b;tT

�!2 �
Z�b=2;tT ;0 � tT

�29=;
351=2

by the Cauchy-Schwarz inequality. Now supy2[0;1]

���g(1)Y (y)
��� < 1 by Assumption 2, and

E
n
ln
�
Z�b=2;tT ;0=

�
1� Z�b=2;tT ;0

��
�	

�
p�b;tT ;0

�
+	

�
q�b;tT

�o2
= O (b) as demonstrated above.

By (S2)-(S6), we can also obtain

E

24(ln Z�b=2;tT ;0

1� Z�b=2;tT ;0

!
�	

�
p�b;tT ;0

�
+	

�
q�b;tT

�)2 �
Z�b=2;tT ;0 � tT

�235 = O �b2� ;
and thus

��W�
2

�� = O �b3=2� follows.
Therefore, by � = o

�
b1=2

�
,

E

24(ln Z�b=2;tT ;0

1� Z�b=2;tT ;0

!
�	

�
p�b;tT ;0

�
+	

�
q�b;tT

�)2
gY

�
Z�b=2;tT ;0

�35
=

bgY (tT )

2tT (1� tT )
f1 +O (�)g+O

�
b3=2

�
=

bgY (tT )

2tT (1� tT )

n
1 +O

�
b1=2

�o
: (S41)

Substituting (S40) and (S41) into (S39) and recognizing that � = o
�
b1=2

�
, we may conclude

that

V 2�gY =
1

b2

"
b�1=2

2
p
�
p
tT (1� tT )

f1 +O (�)g
# �

bgY (tT )

2tT (1� tT )

n
1 +O

�
b1=2

�o�
=

b�3=2

4
p
� ftT (1� tT )g3=2

n
gY (tT ) +O

�
b1=2

�o
:

(ii) Approximation to V +�gY
. Next, the integral part of

V +�gY
=
1

b2

Z 1

0
L�B (u)L

+
B (u)K

�
tT
(u)K+

tT
(u) gY (u) du (S42)
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can be rewritten as

G0b (tT )E

"(
ln

 
Z0b=2;tT ;0

1� Z0b=2;tT ;0

!
�	

�
p�b;tT ;0

�
+	

�
q�b;tT

�)

�
(
ln

 
Z0b=2;tT ;0

1� Z0b=2;tT ;0

!
�	

�
p+b;tT ;0

�
+	

�
q+b;tT

�)
gY

�
Z0b=2;tT ;0

�#
;

for the beta random variable Z0b=2;tT ;0 and

G0b (tT ) :=
B
�
p0b=2;tT ;0; q

0
b=2;tT

�
B
�
p�b;tT ;0; q

�
b;tT

�
B
�
p+b;tT ;0; q

+
b;tT

� :
Then, by the property of the beta function, de�nitions of

�
p�b;tT ;0; q

�
b;tT

�
and (S1),

G0b (tT )

=
b�1=2

2
p
�

�
tT

t2T ��2

�1=2� 1� tT
(1� tT )2 ��2

�1=2� tT
tT ��

�(tT��)=b� tT
tT +�

�(tT+�)=b
�
�

1� tT
1� tT +�

�(1�tT+�)=b� 1� tT
1� tT ��

�(1�tT��)=b
f1 +O (b)g

=
b�1=2

2
p
�

�
tT

t2T ��2

�1=2� 1� tT
(1� tT )2 ��2

�1=2 1�
1��2=t2T

�tT =b
�
1� 2�

tT +�

��=b
� 1n

1��2= (1� tT )2
o(1�tT )=b

�
1� 2�

1� tT +�

��=b
f1 +O (b)g :

Because �
tT

t2T ��2

�1=2� 1� tT
(1� tT )2 ��2

�1=2
=

1 +O
�
�2
�p

tT (1� tT )
;

1�
1��2=t2T

�tT =b
�
1� 2�

tT +�

��=b
=
1� (2=tT )

�
�2=b

�
+ o

�
�2=b

�
1� (1=tT ) (�2=b) + o (�2=b)

= 1� 1

tT

�
�2

b

�
+ o

�
�2

b

�
;

1n
1��2= (1� tT )2

o(1�tT )=b
�
1� 2�

1� tT +�

��=b
=
1� f2= (1� tT )g

�
�2=b

�
+ o

�
�2=b

�
1� f1= (1� tT )g (�2=b) + o (�2=b)

= 1� 1

1� tT

�
�2

b

�
+ o

�
�2

b

�
;
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and b = o
�
�2=b

�
, we have

G0b (tT ) =
b�1=2

�
1 +O

�
�2
�	

2
p
�
p
tT (1� tT )

�
1� 1

tT

�
�2

b

�
+ o

�
�2

b

��
�
�
1� 1

1� tT

�
�2

b

�
+ o

�
�2

b

��
f1 +O (b)g

=
b�1=2

2
p
�
p
tT (1� tT )

�
1� 1

tT (1� tT )

�
�2

b

�
+ o

�
�2

b

��
: (S43)

Moreover, by a mean-value expansion of gY
�
Z0b=2;tT ;0

�
around Z0b=2;tT ;0 = tT ,

E

"(
ln

 
Z0b=2;tT ;0

1� Z0b=2;tT ;0

!
�	

�
p�b;tT ;0

�
+	

�
q�b;tT

�)

�
(
ln

 
Z0b=2;tT ;0

1� Z0b=2;tT ;0

!
�	

�
p+b;tT ;0

�
+	

�
q+b;tT

�)
gY

�
Z0b=2;tT ;0

�#

= gY (tT )E

"(
ln

 
Z0b=2;tT ;0

1� Z0b=2;tT ;0

!
�	

�
p�b;tT ;0

�
+	

�
q�b;tT

�)

�
(
ln

 
Z0b=2;tT ;0

1� Z0b=2;tT ;0

!
�	

�
p+b;tT ;0

�
+	

�
q+b;tT

�)#

+ E

"(
ln

 
Z0b=2;tT ;0

1� Z0b=2;tT ;0

!
�	

�
p�b;tT ;0

�
+	

�
q�b;tT

�)

�
(
ln

 
Z0b=2;tT ;0

1� Z0b=2;tT ;0

!
�	

�
p+b;tT ;0

�
+	

�
q+b;tT

�)
g
(1)
Y

�
�t0T
� �
Z0b=2;tT ;0 � tT

�#
=:W 0

1 +W
0
2

for some �t0T on the line segment joining Z
0
b=2;tT ;0

and tT . For W 0
1 , by (S2), (S3), (S5), and

(S6),

E

"(
ln

 
Z0b=2;tT ;0

1� Z0b=2;tT ;0

!
�	

�
p�b;tT ;0

�
+	

�
q�b;tT

�)(
ln

 
Z0b=2;tT ;0

1� Z0b=2;tT ;0

!
�	

�
p+b;tT ;0

�
+	

�
q+b;tT

�)#

=

�
	

�
2tT
b
+ 1

�
�	

�
2 (1� tT )

b
+ 1

�
�	

�
tT ��
b

+ 1

�
+	

�
1� (tT ��)

b
+ 1

��
�
�
	

�
2tT
b
+ 1

�
�	

�
2 (1� tT )

b
+ 1

�
�	

�
tT +�

b
+ 1

�
+	

�
1� (tT +�)

b
+ 1

��
+	(1)

�
2tT
b
+ 1

�
+	(1)

�
2 (1� tT )

b
+ 1

�

=
b

2tT (1� tT )

�
1� 2

tT (1� tT )

�
�2

b

�
+ o

�
�2

b

��
:

Therefore,

W 0
1 =

bgY (tT )

2tT (1� tT )

�
1� 2

tT (1� tT )

�
�2

b

�
+ o

�
�2

b

��
:
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It can be also shown that
��W 0

2

�� = O �b3=2�, and thus
E

"(
ln

 
Z0b=2;tT ;0

1� Z0b=2;tT ;0

!
�	

�
p�b;tT ;0

�
+	

�
q�b;tT

�)

�
(
ln

 
Z0b=2;tT ;0

1� Z0b=2;tT ;0

!
�	

�
p+b;tT ;0

�
+	

�
q+b;tT

�)
gY

�
Z0b=2;tT ;0

�#

=
bgY (tT )

2tT (1� tT )

�
1� 2

tT (1� tT )

�
�2

b

�
+ o

�
�2

b

��
+O

�
b3=2

�
=

bgY (tT )

2tT (1� tT )

�
1� 2

tT (1� tT )

�
�2

b

�
+ o

�
�2

b

��
(S44)

by recognizing that b1=2 = o
�
�2=b

�
. Substituting (S43) and (S44) into (S42) �nally yields

V +�gY
=
1

b2

(
b�1=2

2
p
�
p
tT (1� tT )

)�
1� 1

tT (1� tT )

�
�2

b

�
+ o

�
�2

b

��
� bgY (tT )

2tT (1� tT )

�
1� 2

tT (1� tT )

�
�2

b

�
+ o

�
�2

b

��
=

b�3=2

4
p
� ftT (1� tT )g3=2

�
gY (tT )�

3gY (tT )

tT (1� tT )

�
�2

b

�
+ o

�
�2

b

��
:

(iii) Proof of (S37). Combining two approximations above and again using b1=2 =

o
�
�2=b

�
yield

VgY =
�
V 2�gY + V 2+gY

�
� 2V +�gY

=
b�3=2

2
p
� ftT (1� tT )g3=2

n
gY (tT ) +O

�
b1=2

�o
� b�3=2

2
p
� ftT (1� tT )g3=2

�
gY (tT )�

3gY (tT )

tT (1� tT )

�
�2

b

�
+ o

�
�2

b

��
=

3gY (tT )

2
p
� ftT (1� tT )g5=2

�
�2

b5=2

�
+ o

�
�2

b5=2

�
:

Therefore, (S37) is established.

S.2.5.2 Proof of (S38)

Let

V 2�dT := dT

Z tT

0

n
_K�
tT
(u)
o2
du

and

V +�dT
:= dT

Z tT

0

_K�
tT
(u) _K+

tT
(u) du:

Then, it holds that VdT = V
2�
dT
+V 2+dT � 2V

+�
dT
. As above, V 2�dT and V +�dT

are approximated

separately.
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(i) Approximation to V 2�dT . Given the notation in the proof of (S37), V 2�dT can be

expressed as

V 2�dT =
dT
b2

Z tT

0

�
L�B (u)K

�
tT
(u)
	2
du

=
dTG

�
b (tT )

b2

Z tT

0

�
L�B (z)

	2
fZ�

b=2;tT ;0
(z) dz; (S45)

where fZ�
b=2;tT ;m

(z) is the pdf of the beta random variable Z�b=2;tT ;m. Below the integral

part is approximated. After substituting

ln

�
z

1� z

�
= ln

�
tT

1� tT

�
+

�
1

tT (1� tT )

�
(z � tT ) +

(
2tT � 1

2t2T (1� tT )
2

)
(z � tT )2

+ o
�
jz � tT j2

�
;

ln2
�

z

1� z

�
= ln2

�
tT

1� tT

�
+

�
2 ln ftT = (1� tT )g

tT (1� tT )

�
(z � tT )

+

"
1 + (2tT � 1) ln ftT = (1� tT )g

t2T (1� tT )
2

#
(z � tT )2 + o

�
jz � tT j2

�
;

and

	
�
p+b;tT ;0

�
�	

�
q+b;tT

�
= ln

�
tT

1� tT

�
� �

tT (1� tT )
+

(
2tT � 1

2t2T (1� tT )
2

)
�2 �

�
2tT � 1

2tT (1� tT )

�
b+O (�b)

by (S5) into
�
L�B (z)

	2
and making straightforward but tedious calculations, we can rewrite�

L�B (z)
	2
as�

L�B (z)
	2

=

"
� 2�

t2T (1� tT )
2 +

(
2tT � 1

t2T (1� tT )
2

)
b+O

�
�2
�#
(z � tT )

+

"
1

t2T (1� tT )
2 �

(
2tT � 1

t3T (1� tT )
3

)
�+

(
(2tT � 1)2

2t3T (1� tT )
3

)
b+O

�
�2
�#
(z � tT )2

+
�2

t2T (1� tT )
2 + o

�
�2
�
: (S46)

It follows from (S32) and (S33) that for m � 0,Z tT

0
fZ�

b=2;tT ;m
(z) dz =

1

2
� 1
p
�
p
tT (1� tT )

�
�

b1=2

�
+O

�
b1=2

�
: (S47)
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Then, as in the proof of Lemma A5, approximations to
R tT
0 zmfZ�

b=2;tT ;0
(z) dz for m = 1; 2

can be derived. For m = 1,Z tT

0
zfZ�

b=2;tT ;0
(z) dz

=

�
tT ��+

�
1� 2tT
2

�
b��b+O

�
b2
��

�
(
1

2
� 1
p
�
p
tT (1� tT )

�
�

b1=2

�
+O

�
b1=2

�)
:

For m = 2, Z tT

0
z2fZ�

b=2;tT ;0
(z) dz

=

�
t2T � 2tT�+

�
3tT � 5t2T

2

�
b+�2 �

�
3� 10tT

2

�
�b+O

�
b2
��

�
(
1

2
� 1
p
�
p
tT (1� tT )

�
�

b1=2

�
+O

�
b1=2

�)
:

Hence, Z tT

0
(z � tT ) fZ�

b=2;tT ;0
(z) dz

=

�
��+

�
1� 2tT
2

�
b��b+O

�
b2
��

�
(
1

2
� 1
p
�
p
tT (1� tT )

�
�

b1=2

�
+O

�
b1=2

�)
; (S48)

and Z tT

0
(z � tT )2 fZ�

b=2;tT ;0
(z) dz

=

��
tT (1� tT )

2

�
b+�2 �

�
3 (1� 2tT )

2

�
�b+O

�
b2
��

�
(
1

2
� 1
p
�
p
tT (1� tT )

�
�

b1=2

�
+O

�
b1=2

�)
: (S49)

Combining (S46)-(S49) and using the fact that O
�
b1=2

�
and O (�) terms are at most

o
�
�2=b

�
o¤er Z tT

0

�
L�B (z)

	2
fZ�

b=2;tT ;0
(z) dz

=
b

2tT (1� tT )

(
1

2
� 1
p
�
p
tT (1� tT )

�
�

b1=2

�
+ o

�
�2

b

�)
: (S50)
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In the end,

V 2�dT =
dT
b2

(
b�1=2

2
p
�
p
(tT ��) f1� (tT ��)g

)
f1 +O (b)g

� b

2tT (1� tT )

(
1

2
� 1
p
�
p
tT (1� tT )

�
�

b1=2

�
+ o

�
�2

b

�)

=
b�3=2dT

4
p
� ftT (1� tT )g3=2

(
1

2
� 1
p
�
p
tT (1� tT )

�
�

b1=2

�
+ o

�
�2

b

�)
(S51)

can be obtained by substituting (S40) and (S50) into (S45) and recognizing that O (b) and

O (�) terms are at most o
�
�2=b

�
.

(ii) Approximation to V +�dT
. Our next task is to �nd an approximation to

V +�dT
=
dT
b2

Z tT

0
L�B (u)L

+
B (u)K

�
tT
(u)K+

tT
(u) du

=
dTG

0
b (tT )

b2

Z tT

0
L�B (z)L

+
B (z) fZ0b=2;tT ;0

(z) dz; (S52)

where fZ0
b=2;tT ;0

(z) is the pdf of the beta random variable Z0b=2;tT ;0. By a similar argument

as above, it can be shown that

L�B (z)L
+
B (z)

=

"�
2tT � 1

2tT (1� tT )

�
b�

(
2tT � 1

t3T (1� tT )
3

)
�2

#
(z � tT )

+

"
1

t2T (1� tT )
2 +

(
(2tT � 1)2

2t3T (1� tT )
3

)
b�

(
(2tT � 1)2

2t4T (1� tT )
4

)
�2

#
(z � tT )2

� �2

t2T (1� tT )
2 +O (�b) :

Because Z tT

0
fZ0

b=2;tT ;0
(z) dz =

1

2
+O

�
b1=2

�
;Z tT

0
(z � tT ) fZ�

b=2;tT ;0
(z) dz =

�
1� 2tT
2

�
b

�
1

2
+O

�
b1=2

��
;

and Z tT

0
(z � tT )2 fZ�

b=2;tT ;0
(z) dz =

�
tT (1� tT )

2

�
b

�
1

2
+O

�
b1=2

��
;

the integral part of (S52) can be simpli�ed asZ tT

0
L�B (z)L

+
B (z) fZ0b=2;tT ;0

(z) dz

=
b

2tT (1� tT )

�
1

2
� 1

tT (1� tT )

�
�2

b

�
+ o

�
�2

b

��
(S53)
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Substituting (S43) and (S53) into (S52), we can conclude that

V +�dT
=
dT
b2

(
b�1=2

2
p
�
p
tT (1� tT )

)�
1� 1

tT (1� tT )

�
�2

b

�
+ o

�
�2

b

��
� b

2tT (1� tT )

�
1

2
� 1

tT (1� tT )

�
�2

b

�
+ o

�
�2

b

��
=

b�3=2dT

4
p
� ftT (1� tT )g3=2

�
1

2
� 3

2tT (1� tT )

�
�2

b

�
+ o

�
�2

b

��
: (S54)

(iii) Proof of (S38). Combining (S51) and (S54) leads to

VdT =
�
V 2�dT + V 2+dT

�
� 2V +�dT

=
b�3=2dT

4
p
� ftT (1� tT )g3=2

�
1 + o

�
�2

b

��
� b�3=2dT

4
p
� ftT (1� tT )g3=2

�
1� 3

tT (1� tT )

�
�2

b

�
+ o

�
�2

b

��
=

�
dT
2

�
3

2
p
� ftT (1� tT )g5=2

�
�2

b5=2

�
+ o

�
�2

b

�
;

which establishes (S38). This completes the proof. �

S.2.6 Proof of Lemma A7

It holds that�����
 
b3=2

�

!
Ĵ (2) (&)�

"
�
r
2

�

dT

ftT (1� tT )g3=2

#�����
�
 
b3=2

�

!���Ĵ (2) (&)� Ĵ (2) (tT )���+ b3=2
�

!���Ĵ (2) (tT )� E nĴ (2) (tT )o���
+

�����
 
b3=2

�

!
E
n
Ĵ (2) (tT )

o
�
"
�
r
2

�

dT

ftT (1� tT )g3=2

#�����
=: D1 +D2 +D3:

Then, the proof boils down to establishing the following three statements:

D1 =

 
b3=2

�

!���Ĵ (2) (&)� Ĵ (2) (tT )��� = op (1) : (S55)

D2 =

 
b3=2

�

!���Ĵ (2) (tT )� E nĴ (2) (tT )o��� = op (1) : (S56)

D3 =

�����
 
b3=2

�

!
E
n
Ĵ (2) (tT )

o
�
"
�
r
2

�

dT

ftT (1� tT )g3=2

#����� = o (1) : (S57)

We work on (S57) �rst and then proceed to (S55) and (S56).
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S.2.6.1 Proof of (S57)

The proof is similar to that of Lemma A5, and thus its outline is presented. Because

E
n
�K�
tT
(Yi)

o
=

Z 1

0

�K�
tT
(u) gY (u) du+ dT

Z tT

0

�K�
tT
(u) du =: I�gY + I

�
dT
;

where
�K�
tT
(u) =

1

b2

h�
L�B (u)

	2 � n	(1) �p�b;tT ;0�+	(1) �q�b;tT �oiK�
tT
(u) ;

it holds that

E
n
Ĵ (2) (tT )

o
= E

n
�K�
tT
(Yi)

o
� E

n
�K+
tT
(Yi)

o
=
�
I�gY � I

+
gY

�
+
�
I�dT � I

+
dT

�
:

By a similar procedure to the proof of Lemma A5, I�gY = g
(2)
Y (tT )� g(3)Y (tT )� + o (�).

Then,
��I�gY � I+gY �� is at most O (�) because ���g(3)Y (tT )

��� < 1 by Assumption 2. Following

the steps in the proof of Lemma A5 also yields�
L�B (u)

	2 � n	(1) �p�b;tT ;0�+	(1) �q�b;tT �o
=
�
�2� + (2tT � 1) b+O

�
�2
�	( u� tT

t2T (1� tT )
2

)

+

"
1�

�
2tT � 1
tT (1� tT )

�
�+

(
(2tT � 1)2

2tT (1� tT )

)
b+O

�
�2
�#( (u� tT )2

t2T (1� tT )
2

)

� b

tT (1� tT )
�
(
2 (2tT � 1)
t2T (1� tT )

2

)
�b+O

�
�2
�
:

Then, it can be found via (S34)-(S36) that

I�dT =
dT
b2

(
� �b1=2
p
2� ftT (1� tT )g3=2

+ o
�
�b1=2

�)
;

which implies that

I�dT � I
+
dT
= �

r
2

�

dT

ftT (1� tT )g3=2

�
�

b3=2

�
+ o

�
�

b3=2

�
:

Hence, (S57) is demonstrated.

S.2.6.2 Proof of (S55)

By a mean-value expansion of Ĵ (2) (&) around & = tT ,

Ĵ (2) (&)� Ĵ (2) (tT ) = Ĵ (3) (�&) (& � tT )

= Ĵ (3) (tT ) (& � tT ) +
n
Ĵ (3) (�&)� Ĵ (3) (tT )

o
(& � tT )
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for some �& on the line segment joining & and tT . Then,

D1 �
 
b3=2

�

!n���Ĵ (3) (tT )���+ ���Ĵ (3) (�&)� Ĵ (3) (tT )���o j& � tT j ;
and it follows from Lipschitz continuity of Ĵ (3) (�) that

���Ĵ (3) (�&)� Ĵ (3) (tT )��� is of smaller
order of magnitude than

���Ĵ (3) (tT )���. In short,
�
b3=2=�

� ���Ĵ (3) (tT )��� j& � tT j is the dominant
term in D1.

In what follows, the order of magnitude in
���Ĵ (3) (tT )��� can be found via the identity

Ĵ (3) (tT ) � E
n
Ĵ (3) (tT )

o
+
h
Ĵ (3) (tT )� E

n
Ĵ (3) (tT )

oi
. Now,���E nĴ (3) (tT )o��� � E ���...K�

tT
(Yi)�

...
K
+
tT
(Yi)

���
�
Z 1

0

���...K�
tT
(u)�

...
K
+
tT
(u)
��� gY (u) du+ jdT jZ tT

0

���...K�
tT
(u)�

...
K
+
tT
(u)
��� du;

where

...
K
�
tT
(u) =

1

b3

h�
L�B (u)

	3 � 3n	(1) �p�b;tT ;0�+	(1) �q�b;tT �oL�B (u)
�	(2)

�
p�b;tT ;0

�
+	(2)

�
q�b;tT

�i
K�
tT
(u) :

Because gY (�) is uniformly bounded on [0; 1] and
R tT
0

���...K�
tT
(u)�

...
K
+
tT
(u)
��� du � R 10 ���...K�

tT
(u)�

...
K
+
tT
(u)
��� du,

we can see that the order of magnitude in
���E nĴ (3) (tT )o��� is determined by R 10 ���...K�

tT
(u)�

...
K
+
tT
(u)
��� du.

A mean-value expansion of
...
K
�
tT
(u) around � = 0 implies that

...
K
�
tT
(u)�

...
K
+
tT
(u)

� 2
�
�

b4

�h
�
�
L0B (u)

	4
+ 6

n
	(1)

�
p0b;tT ;0

�
+	(1)

�
q0b;tT

�o�
L0B (u)

	2
+ 4

n
	(2)

�
p0b;tT ;0

�
�	(2)

�
q0b;tT

�o
L0B (u)

�3
n
	(1)

�
p0b;tT ;0

�
+	(1)

�
q0b;tT

�o2
+
n
	(3)

�
p0b;tT ;0

�
+	(3)

�
q0b;tT

�o�
KB(tT ;b) (u) ;

where L0B (u) is de�ned in (S28), and KB(y;b) (u) is Chen�s (1999) original beta kernel. By
extending Lemma A.2 of Funke and Hirukawa (2024) to higher-order moments of the log-

transformed beta random variable, taking a similar approach to the proof of Lemma A6

and using (S7), it can be found thatZ 1

0

���...K�
tT
(u)�

...
K
+
tT
(u)
��� du � O��

b4

�
O
�
b2
�
= O

�
�

b2

�
;

Hence,
���E nĴ (3) (tT )o��� � O ��=b2� is the case.
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Furthermore,

V ar
n
Ĵ (3) (tT )

o
=
1

n

�
E
n...
K
�
tT
(Yi)�

...
K
+
tT
(Yi)

o2
� E2

n...
K
�
tT
(Yi)�

...
K
+
tT
(Yi)

o�
;

where
���E n...K�

tT
(Yi)�

...
K
+
tT
(Yi)

o��� = ���E nĴ (3) (tT )o��� = O
�
�=b2

�
as above. By taking

into account that the order of magnitude in E
n...
K
�
tT
(Yi)�

...
K
+
tT
(Yi)

o2
is determined byR 1

0

n...
K
�
tT
(u)�

...
K
+
tT
(u)
o2
du and again following a similar procedure to the proof of Lemma

A6, it can be shown thatZ 1

0

n...
K
�
tT
(u)�

...
K
+
tT
(u)
o2
du � O

�
�2

b8

�
O
�
b�1=2

�
O
�
b4
�
= O

�
�2

b9=2

�
:

It follows that V ar
n
Ĵ (3) (tT )

o
= O

�
�2=

�
nb9=2

�	
.

In conclusion, ���Ĵ (3) (tT )��� = O��
b2

�
+Op

 r
�2

nb9=2

!
:

Because & lies between t̂T and tT and
��t̂T � tT �� = Op (cn) = op

�
b1=2

�
as in the proof of

Theorem 1, it holds that j& � tT j �
��t̂T � tT �� = op �b1=2�. Therefore, 

b3=2

�

!���Ĵ (3) (tT )��� j& � tT j =  b3=2
�

!(
O

�
�

b2

�
+Op

 r
�2

nb9=2

!)
op

�
b1=2

�
= op (1) + op

�
1p
nb1=2

�
p! 0;

which establishes (S55).

S.2.6.3 Proof of (S56)

It su¢ ces to show that V ar
n�
b3=2=�

�
Ĵ (2) (tT )

o
= o (1). To do so, again we focus on

the order of magnitude in E
n
�K�
tT
(Yi)� �K+

tT
(Yi)

o2
. Taking a mean-value expansion of

�K�
tT
(u) around � = 0 and using the same notation as in the proof of (S55) above lead to

�K�
tT
(u)� �K+

tT
(u)

� 2
�
�

b3

�h�
L0B (u)

	3 � 3n	(1) �p0b;tT ;0�+	(1) �q0b;tT �oL0B (u)
+	(2)

�
p0b;tT ;0

�
�	(2)

�
q0b;tT

�i
KB(tT ;b) (u) :

Then, a similar argument to the proof of (S55) establishes that

E
n
�K�
tT
(Yi)� �K+

tT
(Yi)

o2
= O

�
�2

b6

�
O
�
b�1=2

�
O
�
b3
�
= O

�
�2

b7=2

�
:
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Because V ar
n
Ĵ (2) (tT )

o
= O

�
�2=

�
nb7=2

�	
, it holds that

V ar

( 
b3=2

�

!
Ĵ (2) (tT )

)
=

�
b3

�2

�
O

�
�2

nb7=2

�
= O

�
1

nb1=2

�
! 0:

Therefore, (S56) is proven. This completes the proof. �

S.2.7 Proof of Lemma A8

Basically, a similar strategy to the proofs of (S55) and (S56) in Lemma A7 may be taken.

The derivation is straightforward but much more tedious, and thus details are omitted. �
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